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                              সার- সংক্ষেপ  

এই থিথিসি আমরা কৃষ্ণ গহ্বর (black hole) এর কাছাকাথছ িাকা ভরহীন (massless) এবং 
ভরপ্রাপ্ত (massive) উভয় কনার গথিপি অধ্যায়ন কসরথছ নানান পথরথিথিসি। আমাসের প্রািথমক 
ককৌিূহল কৃষ্ণ গহ্বর এর ছায়া (black hole shadow) অধ্যায়ন। অথির (unstable) ভরহীন কনার 
গথিপি (null geodesics) প্রবল মাধ্যাকর্ষসের মাধ্যসম কৃষ্ণ গহ্বসরর ছায়া তিথর কসর।ওপর থেসক 
ভর প্রাপ্ত কনার কক্ষপি (timelike geodesics) কৃষ্ণ গহ্বর এর চাথরথেসক ভর যুক্ত কনার নানান 
তবথিষ্ট্য থবর্সয় আমাসের অবগি কসর। উপরন্তু এই থিথিি এর আসরা একটি গুরুিবপূেষ থবর্য় হসলা 
কৃষ্ণ গহ্বসরর ছায়ায় প্লাজমার (plasma) প্রভাব অধ্যায়ন। কৃষ্ণ গহ্বর এর ছায়া অধ্যয়সনর গুরুত্ব এই 
কয, এটা প্রিম িরািথর দ্রষ্ট্বয প্রমাে কৃষ্ণ গহ্বসরর অথিসত্বর। 

আমাসের প্রিম কাজ কযটা আমরা অধ্যায় (chapter) ২ এ থবসের্ে কসরথছ, কিখাসন আমরা কৃষ্ণ 
গহ্বসরর ছায়া গেনা এবং থবসের্ে কসরথছ একটা ঊর্ধ্ষিন বক্রিা িম্পন্ন মাধ্যাকর্ীয় িত্ত্ব কি, যার 
নাম গাউি – বসন্নট (Gauss Bonnet) মাধ্যাকর্ীয় িত্ত্ব। আমরা একটা আধ্ান (charge) িম্পন্ন  
কৃষ্ণ গহ্বর ধ্ারো কথর কযটা কখাথচি আসছ একটি আথিম্প্প্তটিকাথল (asymptotically) AdS কিইিাসি 
থমনকাউজথক (Minkowski) পটভূথম কি।আমরা কৃষ্ণ গহ্বসরর ছায়া অধ্যায়ন কসরথছ d=5 মাত্রায় 
(dimension), কারে কেি টাইম এর গথিথবথধ্ কি গাউি – বসন্নট মাধ্যাকর্ীয় িত্ত্ব প্রভাব কেসল 
d>=5 মাত্রায়। গাউি বসন্নট এর থিথিমাপ γ এর প্রভাসবর প্রকৃথি থনভষ র কসর কেি  টাইম এর 
পটভূথমর ওপর  (AdS থকংবা Minkowski)। এছাডাও কৃষ্ণ গহ্বর এর ছায়া কৃষ্ণ গহ্বর এর আধ্ান 
Q দ্বারা প্রভাথবি হয়। আমরা এও আথবষ্কার কথর কয প্লািমার উপথিথিসি, কৃষ্ণ গহ্বর এর ছায়া 
উসেখসযাগযভাসব পথরবথিষ ি হয়। অবসিসর্ আমরা লক্ষ কথর কয বক্রিার থিথিমাপ γ কৃষ্ণ গহ্বসরর 
িথক্ত থনিঃিরে এর হার কক প্রভাথবি কসর যা গহ্বসরর ছায়ার বযািাসধ্ষর ওপর থনভষ র কসর। 

অধ্যায় (chapters) ৩ এবং ৪ এ আমরা চচষ া কসরথছ একটা ডাকষ  মযাটার প্রািীর (dark matter 
candidate) (যার নাম পারসেক্ট ফু্লইড ডাকষ  মযাটার (PFDM))প্রভাব কনার গথিপি আর িার 
িম্পথকষ ি থিথিমাপ এ।অধ্যায় ৩ এ আমরা ভারপ্রাপ্ত এবং ভরহীন উভয় কনার গথিপি চচষ ায় থনবদ্ধ 
হসয়থছ এবং থবসের্ে কসরথছ কীভাসব থপএেথডএম এর থিথিমাপ (parameter) িংযুক্ত থিথিমাপ গুসলা 
কক প্রভাথবি কসর। ভরহীন কনার কক্ষসত্র আমরা কোটন এর বযািাধ্ষ গেনা কসরথছ অনযথেসক ভারপ্রাপ্ত 
কনার কক্ষসত্র আমরা গেনা কসরথছ প্রথি ইউথনট ভর িথক্ত E এবং প্রথি ইউথনট ভর ককৌথেক কবগ L 
। এছাডাও আমরা কপনরি  প্রথক্রয়ার (Penrose process) িহজিম িংস্করে এর চচষ া এবং এর 
েক্ষিার উপর থপথডএেএম চচষ া কসরথছ। 

অধ্যায় (chapter) ৪ এ আমরা কোটন (photon) এর কক্ষপসির বযািাধ্ষ চচষ া কসরথছ একই কেি 
টাইম (spacetime) পটভূথম কি করথডয়াল প্লাজমা থবিরে (radial plasma distribution) কক 
অন্তভুষ ক্ত কসর।এছাডা আমরা কৃষ্ণ গহ্বসরর ছায়া থবিাথরি ভাসব থবসের্ে এবং চচষ া কসরথছ। আমরা 
গ্রাথেকযাথল (graphically) কৃষ্ণ গহ্বসরর ছায়ার গঠসনর ওপর থপএেথডএম আর প্লাজমার প্রভাব চচষ া 
কসরথছ। এছাডাও আমরা থবথভন্ন ধ্রসনর প্লাজমা থবিরে (distribution) থবসবচনা কসরথছ আমাসের 
থবসের্সে। অবসিসর্ আমরা থপএেথডএম এবং প্লাজমা র থিথিমাপ (parameter) k কক িীমাবদ্ধ কসরথছ 
M87* অথিথরক্ত ভর প্রাপ্ত কৃষ্ণ গহ্বসরর (supermassive black hole) থবসের্োত্মক ভাসব গেনা 
করা েলােসলর িাসি এর পযষসবক্ষে মূলক গেনার িুলনা কসর। 



অধ্যায় (chapter) ৫ এ আমরা কিায়াজষ িচাইল্ড (Schwarzschild) এবং কিায়াজষ িচাইল্ড থড – থিটার 
(Schwarzschild de -Sitter) কৃষ্ণ গহ্বসরর ছায়ার চচষ া কসরথছ। ছায়াটিসক থবথেষ্ট্ করা হসয়সছ একটা 
থির পযষসবক্ষসকর েৃথষ্ট্সকাে কিসক। থবশ্ব প্রিারসের বািবিম্মি েৃিযকল্প কক থবসবচনা কসর, আমরা 
একজন চলনিীল পযষসবক্ষসকর েৃথষ্ট্সকাে কিসক কৃষ্ণ গহ্বসরর ছায়া থবসের্ে িম্পন্ন কথর। এই কাজ 
করবার জনয, আমরা ধ্সর থনথি কয থবসশ্বর িম্প্রিারে মহাথবশ্ব িত্ত্ব িংক্রান্ত ধ্রুবক (cosmological 
constant)  Λ দ্বারা চাথলি এবং আমরা একটি িম্পকষ  িন্ধান কথর থির এবং চলনিীল পযষসবক্ষক 
োরা কেখা ছায়ার মসধ্য। আমরা িারপর িংখযাগি ভাসব ছায়ার মান গেনা কথর এবং িুলনা কথর 
M87* এবং Sgr A* কৃষ্ণ গহ্বসরর পযষসবক্ষক মূলক মাসনর িাসি। আমরা প্লাজমার পটভূথম কক 
থনগমু্ভক্ত কথর এবং প্লাজমার থিথিমাপ (parameter) k কক পযষসবক্ষে মূলক ছায়ার আকার দ্বারা 
িীমাবদ্ধ কথর। 



Abstract

In this thesis, we study the geodesics (both null and timelike) around black holes in different scenarios.

Our main interest lies in the analytical study of black hole shadow. The unstable photon orbits (null

geodesics) form the shadows of black hole via the phenomena of strong gravitational lensing. On

the other hand, the study of timelike geodesics depicts many features of the behaviour of massive

particles around black holes. Additionally another important aspect of this thesis is the consideration

of a material media (of plasmic nature) on the observed structure of the black hole shadow. The

importance of the study of the black hole shadow lies in the fact that it serves as the first direct

observable evidence of a black hole.

In our first work entailed in chapter 2, we calculated and analysed the black hole shadow and other

related parameters in higher curvature gravity, namely the Gauss-Bonnet gravity. We considered a

charged black hole embedded in asymptotically AdS as well as asymptotically Minkowski spacetime

background. We study the black hole shadow in d = 5 spacetime dimensions since the spacetime

dynamics gets effected by Gauss Bonnet gravity only in d ≥ 5 dimensions. The nature of the impact

of the Gauss Bonnet parameter γ on the shadow size varies depending on the background spacetime

(AdS or Minkowski). Also, the shadow size gets effected by the black hole charge Q. We also find

that in presence of a plasma background the black hole shadow gets modified significantly. Finally,

we observe that the curvature parameter γ effects the black hole’s rate of energy emission which has

dependence on the shadow radius Rs.

In chapters 3 and 4 we have studied the impact of a dark matter candidate namely the perfect fluid

dark matter (PFDM) on the geodesics and its related parameters. In chapter 3, we focus on the study

of geodesics of both massive and massless particles and analyse how the PFDM parameter effects

the associated parameters. In case of massless particles we calculated the radius of photon orbits rp

whereas for massive particles we calculated the energy per unit mass E and angular momentum per

unit mass L. Also, we studied the simplest version of the Penrose process and the effect of PFDM

parameter on its efficiency.

In chapter 4 we studied the radius of photon orbits in the same spacetime background incorporating

a radial plasma distribution. We also analyse and study the shadow of the black hole in detail. We

graphically studied the effect of PFDM as well as plasma on the structure of the black hole shadow.

Also, we considered different types of plasma distribution for our analysis. Finally we put constraints

on the PFDM parameter and plasma parameter by comparing our analytically calculated results with

the observational one for M87∗ supermassive black hole.

In chapter 5, we studied the black hole shadow of Schwarzschild and Schwarzschild de-Sitter or Kottler

black hole. The shadow is being analysed from the viewpoint of a static observer. Considering the

realistic scenario of the expansion of the universe, we carry out the analysis of measuring the shadow

from the viewpoint of a comoving observer. In order to do so, we assume the expansion to be driven

by a postive cosmological constant Λ and find a relation between the shadow size measured by a

static and a comoving observer. Then we numerically compute the values of the shadow sizes and

compare them with the observed values of M87∗ and Sgr A∗ black holes. We incorporate the plasma

background and put bounds on the plasma parameter k using the values of the observed shadow size.
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Chapter 1

Introduction and Overview

Among the extreme compact objects in the universe, black holes are the simplest and can be described

using few parameters. The only elements required for their construction is the concept of space and

time [1]-[3]. The theory of stellar evolution [4]-[6] shows that black holes are inevitable consequences

of the stellar evolution. Thus we expect to find black holes amongst the stars residing in the galaxies.

There were a lot of indirect evidences of the existence of black holes from time to time [7]. But in

the present century with advancement of technology it has been possible to detect the mearging of

black holes via gravitational wave signals for the first time in 2015 [8] and observe them directly in

terms of the shadow image in 2019 [9].

The idea of the existence of highly compact objects which does not emit light dates back to ‘dark

stars’ coined by Laplace and Michell [10] towards the close of 18th century. Einstein suggested general

relativity near the end of 1915 [11], and Karl Schwarzschild promptly developed the simplest black

hole solution in 1916 [12]. However, it was not until much later that the exact properties of black

holes were discovered. In the year 1958, David Finkelstein [13] was the first person who realized the

actual meaning of the black hole’s event horizon (the surface of no return). Even the astrophysical

implications of such solutions are not seriously considered. Prominent researchers such as Arthur

Eddington were inclined to believe that unknown mechanisms could prevent massive objects from

collapsing, thereby stopping the formation of black holes. In 1963, Roy Kerr found a solution to

a spinning black hole, now named after him as the Kerr solution [14]. This is an important step,

since almost all astronomical objects naturally acquire non-zero angular momentum. In 1965, Ezra

Newman and his colleagues obtained the solution of a rotating, charged black hole, now known as the

Kerr-Newman solution [15]. It was understood from the works of Werner Israel and colaborators [16]-

[18], that black holes are simple macroscopic objects and can be fully characterized only by their mass

M , spin a, and charge Q. This result goes by the name of no-hair theorem [19]. However, violations of

the no-hair theorem are possible if we consider theories beyond Einstein’s theory of general relativity

[20]. In the late 1960s, Penrose and Hawking proved that, under general assumptions, gravitational

collapse would inevitably lead to the formation of singularities [21]-[22]. This provoked Penrose

to make the proposition of the cosmic censorship conjecture (CCC), which states that singularities

created by gravitational collapse should remain hidden behind a surface named the event horizon

and end product of any gravitational collapse should produce a black hole [23]. In the year 1964,

both Yakov Zel’dovich [24] and Edwin Salpeter [25] independently proposed that the source of power

of the quasars is a supermassive black hole residing at the centre. In the beginning of 1970s, Thomas
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Bolton and his collaborators identified the X-ray source, namely Cygnus X-1 as the first stellar-

mass black hole candidate [26], [27]. From then onwards, numerous astronomical observations have

pointed to the existence of stellar-mass black holes residing in binaries and galactic centers. Due

to technological progress along with advancement in observational facilities, it has been possible to

study the physical properties of black holes and their vicinity. The discovery of gravitational waves

from the union of two black holes by the LIGO experiment in September 2015 [8] opened a new

window for studying these gravitational objects.

1.1 Importance of studying black holes

The importance of studying black holes is far and wide. They are the extreme ultra compact object to

exist with a very strong gravity in their immediate vicinity. They provide the perfect ground to study

the connection between quantum mechanics and gravity. Also, black holes behave as thermodynamic

objects [28] and have been found to radiate (Hawking radiation) [29] and obey thermodynamic laws

[30], [31]. Black hole radiation hints that they may act as grounds to study aspects of quantum

gravity [32]-[35]. Thus black holes serve as important objects to study fundamental physics and help

us gain insight into the missing links of fundamental physics.

1.2 Different types of black holes and their evidences

At present we have very strong evidence mainly of two classes of astrophysical black holes [36]. Black

holes of falling in the stellar-mass category have masses in the range of 3 - 100 M�. Most of them

can be found to be existing in X-ray binaries whose evidence can be found from study of their orbital

motion of the companion stellar object [37]. Stellar-mass black holes can also be found in binary

systems such as black hole-black hole or black hole-neutron star. In this case, they can be detected

by the gravitational waves emitted during the end stage of coalescence [8]. Attempts are also made

in order to find isolated stellar-mass black holes using microlensing techniques [38], [39].

The mass of the supermassive black holes lie in the range 105 - 1010 M� and they are expected to reside

at the centre of active galactic nuclei [40]. There may also exist a third class of black holes, namely

the intermediate mass black holes, whose mass fills the gap between stellar-mass and supermassive

black holes but their nature is more uncertain, because there are not dynamical measurements of their

masses [41]. Recently the gravitational waves GW190521 was detected resulting from the mearger of

two stellar mass black holes producing an intermediate mass black hole of mass 142 M� [42]. This

provides the first speculative evidence of the existence and thereby the detection of intermediate

mass black holes. Also there are mini or micro or quantum mechanical black holes [43] having mass

less than 1 M� [44]. Thes kind of black holes are first proposed by Hawking in 1971 [45]. There

are currently two popular techniques to probe the spacetime geometry around astrophysical black

holes with electromagnetic radiation. They are the continuum-fitting method [46] and the analysis

of the X-ray reflection spectrum (often called the iron line method) [47]. In the recent times the

quasi-periodic oscillations (QPOs) observed in the X-ray power spectrum [48] black holes also serve

as a promising tool. Their frequency can be measured with high precision and this could permit one

to constraint the properties of the compact object. However, till today we do not know the exact

mechanism that cause these phenomena, and the measurements vary with varying models, implying
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that the technique cannot be used for fundamental physics tests. Today it is has been possible

to image the accretion flow around a black hole with great precision and hence we have been able

to visualise the black hole “shadow” [49]. Very-long baseline interferometric (VLBI) observations

working at sub-millimeter wavelengths have imaged the shadow of M87∗ [9], [50]-[57] and SgrA∗ [58]-

[63]. Also the gravitational wave detection have opended a new window for the study of astrophysical

black holes by the detection of gravitational waves from the coalescence of two black holes in 2015

and many more onwards. The observed data from the black hole shadow as well as gravitational

waves help us constraint various models and get insight in the region close to black holes.

1.3 Importance of studying geodesics around black holes

Geodesics are trajectories of particles that are in free fall in any arbitrary spacetime background [64].

Simply, we can say that geodesics are the generalized versions of the straight line that move in a

curved background [65].

We know that the motion of any particle in Newtonian gravity is dictated by the equation of force

mI
d2r

dt2
= F = −GMmG

r2
(1.1)

where mI and mG are respectively the inertial and gravitational mass of the particle that is moving

in the gravitational field of a particle of mass M . F is the force that acts on the particle of mass m,

G is Newton’s gravitational constant, and mI ,mG << M such that it doesn’t affect the gravitational

field created by M .

The gravitational field in the case of Einsteinian gravity is given by the curvature of spacetime. Also

Einstein’s theory of gravity is based on the fact that MI = mG (weak equivalence principle) [66].

The curvature is represented in terms of the metric tensor gµν and its derivatives. The equation of

motion of any particle in the gravitational field thereby the curved spacetime background is given

by the geodesic equation. The equation of the geodesics of particles takes the form [67]

d2xµ

dλ2
+ Γµνρ

dxν

dλ

dxρ

dλ
= 0 (1.2)

where xµ is the position of the particle, λ is the parameter dictating the particle trajectory and Γµνρ
is the Christoffel symbol which is related to the metric tensor gµν as [67]

Γµνρ =
1

2
gµσ

(
gνσ,ρ + gσρ,ν − gνρ,σ

)
. (1.3)

Since the metric tensor gµν has 4 × 4 = 16 components and thereby the Christoffel symbol Γµνρ has

4 × 4 × 4 = 64 components. Thus the calculation is hectic and the four equations can be found to

be inter-related with all coordinates and hence the solution cannot be obtained trivially. In order to

obtain the solution trivially we look into the symmetry of the metric gµν and use the Euler-Lagrange

equation by defining a Lagrangian L as L = 1
2
gµν ẋ

µẋν [1], [67].

Geodesics are used in almost all important calculations in any spacetime geometry. The basic tests

which confirm the validity of Einstein’s theory need the study of geodesics around any static or
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rotating spacetime background.

1.3.1 Perihelion precession

The planets move around the sun in closed elliptical orbits as predicted by Newton’s theory of gravity.

There is a little deviation of the ellipse due to the gravitational interaction of the other planets. But

the incorporation of the planet-planet gravitational interaction cannot explain the precession. In the

case of general relativity, the first approximation gives the results obtained using Newtonian gravity

and the second approximation results in the exact precessional values. In order to obtain the results

we need the knowledge of the geodesics of r and φ and thereby calculate the change ∆φ to obtain

the desired result [66], [67]

∆φ =
6πGM

c2R(1− e)
(1.4)

where, M , R, and e give the mass of the central object (sun), the semi-major axis, and the eccentricity

of the orbit respectively.

1.3.2 Gravitational deflection

Deflection implies the deviation of particles from their original trajectory. In the presence of any

massive object, the trajectory of any particle gets deflected either towards or away from the massive

object [67]. This deviation can be calculated by studying the particle trajectories and thereby their

geodesics.

1.3.3 Determination and study of potential

From the study of geodesics, we obtain the equation of motion along r and θ which provides us with

the potential along those directions Veff (r) and Veff (θ) [1]. The study of these potentials will help us

obtain the possible regions for the existence of bound and unbound orbits [68], [69]. Besides on close

and thorough analysis of the potentials, we can get an insight into the possible stable and unstable

orbits which would help us in understanding different astrophysical structures and their formation

mechanism.

1.3.4 Black hole perturbation and stability

The presence of any type of matter field around any massive object is a realistic scenario. This

field can act as perturbation over the existing gravitational field of the massive object. Due to such

perturbation, the total system either can be stable or become unstable [1], [2]. The problem can be

analyzed by studying the geodesics of particles in such cases.

1.3.5 Detection and observation of compact objects

The study of geodesics plays an important role in the detection and observation of compact objects

such as black holes, neutron stars, etc. In order to study them, the study of null geodesics in

particular plays a vital role. The merging of compact objects takes place in several steps. The final

merged object before reaching a stable configuration can be dealt with as a perturbed object. These
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perturbed objects give out signals whose frequencies dissipate and have the form ω = ωR +ωI where

the first part is real and the second part is imaginary [70], [71]. The high-frequency signals can be

related to the unstable geodesics of photons [72]-[74].

Again the observational structure of compact objects namely black holes is formed by photons moving

around black holes in unstable orbits. The shadow is formed due to the strong gravitational deflection

of light rays which traverse very close to the black hole and move in orbits where a mere perturbation

can kick them either in the black hole abyss or towards infinity. Light rays which propagate towards

infinity are responsible for shadow formation and hence give the appearance of the black hole image.

1.3.6 Various astrophysical processes in the vicinity of black holes

It is very difficult to study the very close regimes of a black hole. The information from the closest

encounter with the black hole can be achieved from the unstable photons that somehow reach the

observer. Beyond that, everything is sucked up and nothing comes out at all. But there are many

theories and proposed processes which occur further close to a black hole and also there are processes

that describe ways to extract energy out of a black hole. Penrose process is the simplest of all processes

that describe a mechanism to extract energy from a black hole [75],[76]. The process depends on the

size of the ergosphere and is most prominent in the equatorial plane. To study such a process, we

need to understand and analyze geodesics in the equatorial plane. Apart from that, there are other

processes like the Blanford-Znajek process [77],[78] useful for extracting electromagnetic energy from

a black hole.

Apart from the above-mentioned phenomena and processes, there are many astrophysical scenarios

[78] where the study of geodesics around massive, ultra-compact objects is inevitable. In this thesis,

we are mainly interested in studying null geodesics in order to understand and analyze black hole

shadows in varying scenarios. Also, we are interested in studying timelike geodesics in certain cases

along the study of the Penrose process in detail.

1.4 Black hole shadow

Black holes capture everything that falls into it and emits nothing. Thus even from a very naive

consideration, one can simply imply that an observer will see a dark spot in the location where the

black hole is supposed to be. But due to strong gravitational bending of light rays by black hole’s

gravity, the size and the shape of the dark spot are quite different from what we naively expect based

on Euclidean geometry. For a spherically symmetric black hole, the difference between the black

hole shadow and the Euclidean image of the black hole is only in angular size [79]. The shadow is

about two and a half times larger than the corresponding Euclidean image. But in case of a rotating

black hole, the shape of the black hole shadow becomes different along with it’s size. The shadow

gets deformed and flattened on one side giving an appearance of D shape for extremal black hole [1].

The size and the shape of the shadow depends not only on the black hole parameters but also on the

observer’s position who measures it [79].

Historically there have been many names used to refer to the visual appearance of a black hole as

• escape cone [80];

• the apparent shape of black hole [1], [81];
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• cross section [82];

• image, optical appearance, photograph [83], [84];

• cross section of photon gravitational capture [85];

• black hole shadow [49];

• silhouette [86], [87];

• photon ring [88], [89];

• critical curve [90].

Despite different names and various physical formulation all the concepts are strongly intertwined.

By now the word ‘shadow’ has become the most used one. The term ‘shadow’ has several meanings

in various languages. The most usual meaning is the dark area created on a surface (screen) by any

obstacle located between a light source and the surface. For example, it may be the shadow of the

human body or of a building or a tree or any other object on the ground at a sunny day. Another

meaning of the word ‘shadow’ is a dark silhouette of a body which occurs when we look at it against

a bright background. In this case, we see not the details of this body, but only the shape [79]. We use

the word ”shadow” in its second meaning when referring to the black hole shadow. As a result, the

black hole’s shadow can be thought of as a silhouette of darkness on any brilliant background that

has been affected by gravitational light bending [91], [92].

we consider an observer who is some distance from the black hole to comprehend the theoretical

framework of the black hole shadow. Then, we may categorize all light beams that go from this

observer point into the past into two groups- those that travel to the horizon and those that are

diverted by the black hole and travel to infinity. We also investigate the possibility that there are

abundant light sources throughout the universe, but none of them are located between the black hole

and the observer. The dark part of the observer’s sky is what we call the shadow [49]. The boundary

corresponds to a ray of light trapped in spacetime, reaching neither infinity nor the horizon. In the

Schwarzschild spacetime and other similar spacetimes that are spherically symmetric, these light rays

asymptote to an unstable photon sphere (a sphere filled with circular null geodesics) [93] that are

unstable to radial perturbations [2].

Black holes cast shadow in a region known as the ‘observer’s sky ’ [94], [95]. The observer’s sky is

defined as the plane passing through the black hole’s centre. The plane runs perpendicular to the

straight line joining the observer to the black hole. The plane is conventionally designated as ‘celestial

plane’ and defined by celestial coordinates (α, β) [94], [96]. We define a coordinate system with the

origin being at the black hole. The coordinate system reduces to the flat Euclidean at spatial infinity.

The coordinates of the observer is (r0, θ0, 0).

The shadow gets formed by rays of light coming from any background source. We assume that the

source is placed at a large distance away from the black hole and the observer is also placed at quite a

large distance away from the black hole. There is no source between the black hole and the observer.

Light rays coming from the the background source move close to the black hole and get deviated

and thereby reach the observer. For the observer, the light ray seems to be coming along a tangent

which at the observer’s position is given as [97]

~T =

(
dx

dr

∣∣∣∣∣
r=r0

,
dy

dr

∣∣∣∣∣
r=r0

,
dz

dr

∣∣∣∣∣
r=r0

)
.

9



The cartesian coordinates (x, y, z) and spherical polar coordinates (r, θ, φ) are related in the following

way

x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ . (1.5)

The components of the tangent vector using eq.(1.5) take the form

dx

dr

∣∣∣∣∣
r=r0

= sin θ0 + r0 cos θ0
dθ

dr

∣∣∣∣∣
r=r0

dy

dr

∣∣∣∣∣
r=r0

= r0 sin θ0
dφ

dr

∣∣∣∣∣
r=r0

dz

dr

∣∣∣∣∣
r=r0

= cos θ0 − r0 sin θ0
dθ

dr

∣∣∣∣∣
r=r0

(1.6)

where we have used r = r0, θ = θ0 and φ = 0. The light which reaches the observer comes from

the unstable circular photon orbits. The orbits intersect the celestial plane at some point. The

intersecting point in the coordinate system centred at the black hole is given in terms of the celestial

coordinates as P ≡ (x1, y1, z1) = (−β cos θ0, α, β sin θ0) and the observer is located at the point

O ≡ (x, y, z) = (r0 sin θ0, 0, r0 cos θ0). The light ray passes through the points P and O. The

equation of a tangent passing through two points in 3-D is given as [94]

x− x1

dx
dr

∣∣∣
r0

=
y − y1

dy
dr

∣∣∣
r0

=
z − z1

dz
dr

∣∣∣
r0

.

Figure 1.1: Basic diagram to interpret celestial coordinates [96]
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Equating the first and third terms we get the expression for β as

β = r2dθ

dr

∣∣∣∣∣
r0,θ0

. (1.7)

By equating the second and third expressions and replacing β we get α as

α = −r2 sin θ
dφ

dr

∣∣∣∣∣
r0,θ0

. (1.8)

The observer is placed far away from the black hole such that theoretically we can consider r0 =∞
[1], [81]. Thus the celestial coordinates (α, β) gets mathematically represented as [94]

α = lim
r0→∞

−r2 sin θ
dφ

dr

∣∣∣∣∣
r0,θ0

β = lim
r0→∞

r2dθ

dr

∣∣∣∣∣
r0,θ0

. (1.9)

1.5 Angular size of any object as observed by moving observers

Here we derive the expression for the size of an object measured from the viewpoint of a moving

observer in terms of the one observed by a static observer [98]. To do so we consider two observers

with 3-velocity of the moving observer designated as ~v. Also, we consider two light rays Γ1 and Γ2

[99], the tangent to those rays are K and W subject to the condition (by definition)

gµνK
µKν = 0 = gµνW

µW ν . (1.10)

The 4-velocities of the static and moving observer are Uµ and V µ which are subject to the condition

gµνU
µUν = −1 = gµνV

µV ν . (1.11)

Also, the relative velocity between the static and comoving observer are subject to the condition [98],

[99]

gµνU
µV ν = −γ = − 1√

1− v2
. (1.12)

We wish to calculate the angle between the two light rays as measured in 3-space by the two observers.

The angles are designated as ψ1 and ψ2 and we want to find a relation between these angles in terms

of v.

K and W are the projections of K and W respectively on the local space of the static observer such

that the projections are spacelike and normal to the 4-velocity of the observer. Mathematically it

takes the form

gijK
i
K
j
< 0 ; gijW

i
W

j
< 0 (1.13)

gµνK
µ
Uν = gµνW

µ
Uν = 0 . (1.14)
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Now, K
µ

and W
µ

can be written as a projection along Kµ and W µ respectively and also along Uµ.

Mathematically it can be represented as

K
µ

= Kµ + (KαUα)Uµ ; W
µ

= W µ + (WαUα)Uµ . (1.15)

The angle between the two rays as measured by the observer with 4-velocity Uµ is ψ1 and can be

written as

cosψ1 =
gµνK

µ
W

ν√
gµνK

µ
K
ν
√
gµνW

µ
W

ν
. (1.16)

Now to calculate cosψ1 we use the conditions in eq.(1.14) and normalisation condition along with

the relation in eq.(1.15). Thus we finally obtain [99]

cosψ1 = 1 +
gµνK

µW ν

(gαβKαUβ)(gγδW δU δ)
. (1.17)

Similarly we obtain cosψ2 as

cosψ2 = 1 +
gµνK

µW ν

(gαβKαV β)(gγδW γV δ)
(1.18)

and the relation between the two angles cosψ1 and cosψ2 takes the form [98]

cosψ1 − 1

cosψ2 − 1
=

(gαβK
αV β)(gγδW

γV δ)

(gαβKαUβ)(gγδW γU δ)
. (1.19)

We wish to express ψ2 in terms of ψ1 and the 3-velocity v between the observers. For this, we use the

relation given in eq.(1.12). Also, we need to assume that the direction of light ray and the 4-velocity

of one observer coincide in the frame of another observer. Mathematically, it can be written as [99]

Kµ = AUµ +BV µ (1.20)

with A and B being the unknown coefficients to be determined. To obtain the coefficients, we use

gµνK
µKν = 0, gµνU

µUν = gµνV
µV ν = −1 and gµνU

µV ν = −γ. The expression for the ratio of A

and B take the form

A

B
= (γv − γ) . (1.21)

Replacing the expression of Kµ from eq.(1.20) and using A
B

and after some rearrangement, we get

[93], [99]

cosψ2 =
cosψ1 − v

1− v cosψ1

. (1.22)

1.6 Black holes surrounded by plasma

The universe is made of almost 99% plasma [100]. Whatever we see in the cosmos is made of plasma

which is also considered to be the fourth state of matter [101]. The life forms existing in earth fall
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into those tiny 1% of matter devoid of plasma. Since everything is made of plasma and it is hard

to think of anything (including black holes) to exist in isolation, thus the presence of plasma around

black holes is kind of inevitable. The presence of plasma around black holes is mostly in the form of

accretion disks [78] having different structures and modelled differently. Here we are not interested

in accretion disks rather how plasma in the accretion disks affect spacetime dynamics.

The material from any star or compact object (other than black hole) can rupture due to strong

gravity of the black hole and move around black holes. The immensely strong gravity of black holes

makes those matter move very rapidly. The kinetic energy of the motion and due to internal friction

[78] increases the temperature of the material and ionizes the matter into electrons and ions. The ions

are heavy and remain static in their particular places. On the other hand, the electrons are lighter

and can readily move around. If the electrons present in plasma are displaced from their equilibrium

position then electric field gets created. In order to restore the neutrality, the electrons will be

dragged back to their original position and they start to oscillate about the position of equilibrium

[102]. The electrons oscillate about their equilibrium position occurs with a characteristic frequency

known as the plasma frequency. The oscillation of the electrons is way too fast for the heavy ions to

respond, so they may be considered as fixed. We derive the expression for the plasma frequency ωp

in the following section.

1.6.1 Derivation of plasma frequency (ωp)

In order to derive the expression for ωp, we make some assumptions [101]. These are —(i) The ions

are fixed in space with a uniform distribution; (ii) There is no thermal motion implying KT = 0;

(iii) There is no applied magnetic field; (iv) The plasma is infinitely extended; and (v) The electron

motion is constrained in the x-direction only1. The final assumption results in

∇ = x̂
∂

∂x
; E = Ex̂ ; ∇× E = 0 ; E = −∇φ . (1.23)

Here E and E are the 3-vector and component of the electric field along the x-direction. Due to

the absence of magnetic field B we have ∇× E = 0 leading to E being represented in terms of the

gradient of potential φ. Due to the absence of a magnetic field, the oscillation is totally electrostatic.

The equation of motion for electrons and the continuity equation takes the form

mene

[
∂ve
∂t

+ (ve.∇)ve

]
= −eneE (1.24)

∂ne
∂t

+∇.(neve) = 0 . (1.25)

Here, me, ne, and ve are the mass, number density, and 3-velocity of the electrons respectively. e

is the charge of the electron. In order to solve the above equations, we need to use the property of

inertia of electrons and thereby the deviation from neutrality [101]. Thus we get

∇.E =
∂E

∂x
= 4πe(ni − ne) (1.26)

1Later we can generalise the final expression valid for any direction.
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with ni the number density of ions. Also additionally we need to assume the property of linearisation,

that is the amplitude of oscillation is small and we need to neglect higher powers of amplitude factors.

We separate the dependent variables into an equilibrium part (designated by subscript 0) and a

perturbation (designated by subscript 1) as [101]

ne = n0 + n1 ; ve = v0 + v1 ; E = E0 + E1 . (1.27)

The equilibrium quantities (designated by subscript 0) are constant as

∇n0 = v0 = E0 = 0 (1.28)

∂n0

∂t
=
∂v0

∂t
=
∂E0

∂t
= 0 . (1.29)

Again neglecting quadratic terms in equations of motion and the above conditions we get eq.(s)

(1.24) and (1.25) as

me
∂v1

∂t
= −eE1 (1.30)

∂n1

∂t
+ n0∇.v1 = 0 . (1.31)

Also, eq. (1.26) gets modified to

∇.E = −4πen1 . (1.32)

We assume the oscillating quantities to behave sinusoidally as [100], [101]

v1 = v1e
i(kx−ωt)x̂

n1 = n1e
i(kx−ωt)

E = Eei(kx−ωt)x̂ . (1.33)

The gradient ∇ and time derivative ∂
∂t

can be replaced by −iω and ikx̂. Using them we get

−imeωv1 = −eE1

−iωn1 = −in0kv1

ikE1 = −4πen1 . (1.34)

Replacing E1 in first equation from the third and then replacing n1 from the second we get

−imeωv1 = −e−4πen1

ik
= e

4πe

ik

n0kv1

ω
= −i4πe

2n0

ω
v1 . (1.35)

If v1 does not vanish (v 6= 0), then we get

ω2 = ω2
p =

4πn0e
2

me

. (1.36)
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1.6.2 Derivation of Hamiltonian (H) for photons moving in the plasma background

The derivation of the refractive index and thereby the Hamiltonian is based on [103]. First we

consider infinity of 3-spaces in spacetime. The 3-space can be timelike, null or spacelike depending

on their corresponding normals which can be spacelike, null or timelike respectively. These 3-spaces

are designated as 3-waves or waves. There is an associated phase angle φ with every wave. The

phase angle increases monotonically and we define the waves or 3-waves as phase waves. The waves

having φ = 2nπ are designated as crests. Since the phase angle φ is a function of spacetime position,

so a function can be defined as (in 1-D) [103]

f(x) = − h

2π
φ . (1.37)

The waves are defined as f(x) = constant with h being any small universal constant which we take

to be the Planck’s constant. As we pass from crest to crest, we have

df = −h . (1.38)

We define the worldline of the observer to be timelike with 4-velocity V µ such that gµρV
µV ρ = −1.

Now we define a quantity pµ as [103]

pµ =
df

dxµ
. (1.39)

In passing from crest to crest, if we suppose that the position changes by dxµ and proper time elapsed

be ds, then the 4-velocity of the observer being vµ = dxµ

ds
. Using this we get

pµdx
µ = pµv

µds = df = −h . (1.40)

Thus, the time period τ(= ds) and the frequency ν(= 1
τ
) of the wave are given as

τ = ds = − h

pµvµ
; ν =

1

τ
= −pµv

µ

h
(1.41)

giving, hν = −pµvµ . Again h is very small so the frequency is high which is true in the case of

validity of geometrical optics. The waves we talked about above are basically optical waves and we

are interested in determining the velocity of those waves.

Let us suppose the observer is moving along worldline O and the waves moving along worldline W.

The two worldlines intersect at A. We want to determine the velocity of the waves as measured by

the observer.

We assume a fictitious particle moving with the wave, having the equation f(x) = constant. The

infinitesimal displacement along the wave is dxµ and dyµ is the displacement of the wave with respect

to the observer and orthogonal to the worldline of the observer. The displacement dyµ takes place in

time ds, so the velocity of the fictitious particle moving along the wave with respect to the observer

u′ =
dyµ

ds
; u′2 =

dyµdy
µ

ds2
. (1.42)

Now the velocity vµ of the observer is perpendicular to dyµ which gives gµρv
µdyρ = vρdy

ρ = 0. Also,
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Figure 1.2: Geometric representation of observer and photon wave.

in the geometrical optics limit, we have the Planck’s constant h→ 0 which implies pµdx
µ = 0. Also,

we have [103]

dyµ = dxµ − vµds . (1.43)

Since, the observer moves along the worldline which is timelike, so we have gµρv
µvρ = −1. Using this

condition in above eq. (1.43) and multiplying the above equation by vµ from the left, we get

vµdy
µ = vµdx

µ − vµvµds =⇒ 0 = vµdx
µ + ds =⇒ ds = −vµdxµ . (1.44)

Replacing ds in eq.(1.43) we have

dyµ = dxµ + vµvρdx
ρ . (1.45)

Multiplying the above equation by gµρ from left and dyρ from right we get

dyµdy
µ = dxµdx

µ + (vµdx
µ)2 . (1.46)

Using the definition of u′2 we obtain

u′2 =
dyµdy

µ

ds2

= 1 +
dxµdx

µ

(vρdxρ)2
. (1.47)

Now, we wish to find the velocity u of the wave which is defined as the minimum value of u′. So, we

need to minimize u′ as obtained in eq.(1.47) with an additional condition given by [103]

pµdx
µ = 0 . (1.48)

To approach the problem we define

dxµ = α̃vµ + pµ (1.49)

with α̃ being the Lagrange’s multiplier. Multiplying pµ from the left in above equation, we get

α̃ = −pµp
µ

pρvρ
. (1.50)

In order to obtain the velocity of the wave, we need to determine dxµdx
µ for which we multiply
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eq.(1.49) from the left by dxµ which gives

dxµdx
µ = α̃(pµv

µ − α̃) . (1.51)

Also, to obtain vµdx
µ we multiply eq.(1.49) from left by vµ which gives

vµdx
µ = pµv

µ − α̃ . (1.52)

Using the above obtained results of eq.(1.51) and (1.52) we get

u2 =
pρv

ρ

pµvµ − α̃
. (1.53)

The slowness of the waves which is more fundamental is defined as u−1 giving [103]

1

u2
= 1 +

pµp
µ

(pρvρ)2
. (1.54)

In case of waves moving through any medium which is a very general case, we need to define the

index of refraction n of the medium. The index of refraction depends on the wave frequency and

other local properties. The refractive index is defined as the inverse of the phase velocity and hence

we obtain the medium equation as [103], [104]

n2 = 1 +
pµp

µ

(pρvρ)2
. (1.55)

In case of a medium we study the motion of the optical waves with respect to the medium, so the

velocity vµ is the velocity of the medium and in general we assume the medium to be static. Using

this we define the Hamiltonian for the motion of photons in any medium as [96],[104]

H =
1

2

[
gµρpµpρ − (n2 − 1)(pρv

ρ)2
]

(1.56)

with the constraint that H = 0. The Hamiltonian can also be written in another form as [104]-[106]

H =
1

2

[
gµρpµpρ + ω2

p

]
(1.57)

with the refractive index n defined as [104], [105]

n2 = 1−
(ωp
ω

)2

. (1.58)

Here ωp and ω respectively represent the plasma frequency and frequency of photons as measured

by any arbitrary observer. The above eq.(1.57) can be derived considering magnetised plasma as in

[107]. The consideration of of a magnetised plasma is realistic [78], since the accreation disc does

have a magnetic field. But for simplicity and for making analytical calculations possible, we have

worked with nonmagnetised plasma in this thesis.

In the above few sections we have developed the necessary prerequisites for the study of geodesics

around black holes and the formation of black hole shadow. Analytical research on the formation of
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black hole images (black hole shadow) began with the work of Synge [80], who obtained the shadow

of a spherically symmetric black hole to be circular in shape. Next, Luminet [83] studied the shadow

of a black hole surrounded by accretion disks. Research on shadows of Kerr and Kerr-Newman black

holes has been done in [81], [108] and [109]. With advancement in technology and thereby having

improved observational data, shadows of black holes were studied in general relativity with various

added characteristics [110]-[127]. Also shadows of black holes were studied in theories of modified

gravity in [95]-[96], [106], [128]-[131] along with higher dimensional theories of gravity in [132]-[134].

Shadow of black holes including plasma have been done extensively in the literature. We mention a

few of them [105],[135]-[143].

In our first project we studied the black hole shadow in one of the simplest curvature corrected

theory of gravity namely Gauss-Bonnet gravity [144]-[146]. It has been known for quite a while, that

the different theories of particle physics, the string theory [147], [148] in particular, require higher

dimensions in order to preserve the symmetries of the system. Also, there are many articles that

explain the need for higher dimensions purely on classical grounds [149]. In order to consider the high

energy effects of a theory, the general way is to consider a higher power of the basic variable [150].

While dealing with gravity, the fundamental entity is the curvature tensor given by the Riemann

curvature [151], and thus in order to take into account the effects of higher energy, we must consider

terms with higher powers of Riemann tensor in the action [150], [151]. Additionally, we demand that

the systems dynamics be described by second-order equations. The way out to this is to consider

the Lovelock action [151], which is pertinent in dimensions d > 4 implying that high energy effects

are possible to observe only in higher dimensions. Thus it makes a good case for studying gravity in

higher dimensions. The analysis has been shown in chapter 2.

We calculated the black hole shadow in the case of higher dimensions in a flat Minkowski background

[152], [106]. The shadow is influenced by the Gauss-Bonnet parameter γ. We found that the effect of

γ noticed in our work is the same observed in the case of D = 4 dimensions [153]. Thus the effect of

γ on some spacetime properties remains the same even with the variation of spacetime dimensions.

In the case of black holes in an AdS background, the black hole shadows can be related with some

parameters of the boundary CFT theory [154]. We know that CFT theories have relations with

the black hole quasinormal modes [155]. And also there is a relation between the black hole shadow

radius Rs and the QNMs ω [73]. Thus we can get insight of the CFT parameters by studying black

hole shadows in AdS background.

In the next two chapters 3 and 4 we incorporated the presence of dark matter in a black hole

background [156], [157]. The reason being dark matter dominates the matter content and is supposed

to be present in extended regions in space. Also dark matter influences structure formation and must

also influence the dynamics of particles near and around black holes. So we considered a model of

perfect fluid dark matter (PFDM) put forward in [158], [159] influenced by the works in [160]-[162].

In chapter 3, we studied the geodesics of photons and calculated the radius of those orbits. For

massive particles, we studied the geodesics of charged and uncharged ones with an analysis of their

energy E and angular momentum L. Also we discussed the Penrose process in detail. In chapter 4,

we incorporated the effect of plasma in the background and studied the effect of plasma on photon

orbits and thereby the effect of PFDM and plasma on the shadow of black hole. We also constraint

the PFDM parameter and plasma parameter using the observational results of M87∗ [9] black hole.
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In chapter 5, we consider the impact of universal expansion on the observed size of a black hole

shadow [163]. The effect is supposed to be caused by the presence of a positive cosmological constant

Λ(> 0) [93]. We carried out our analysis in case of a static black hole for simplicity. Besides, we

also immerse the black hole in a plasma background and constrain the plasma parameter using the

observational results of M87∗ [9] and Sgr A∗ [58].

We finally conclude in chapter 6. In this thesis we mainly focussed on the study of black hole shadow

structure depending on various speculative as well as realistic scenarios and have tried to constrain

the parameters accordingly based on the observational results. These helped us gain insight on the

validation of various models as well as possibility of existence of various matter in the black hole

vicinity.
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Chapter 2

Charged black holes in higher curvature

Gauss-Bonnet gravity

The study of black holes in general relativity started in a full fledged manner from late sixties and the

interest towards learning more about it went on increasing with time. There are many facets of black

holes and since the gravitational field near a black hole is way too strong, so they became grounds

of speculation, prediction and verification of theories which can be validated only at high enough

energies. The aspect of quantum gravity, that is quantising gravity (the spacetime background itself)

[32] and unifying all theories together is the biggest aim of fundamental scientific research. String

theory and its various versions [147], [148] try to put all theories in the same footing and low energy

versions of string theory can yield some similarities with the real world scenarios, as what has been

speculated. Besides, there are other theories which only try to quantise gravity like the loop quantum

gravity (LQG) [164].

The low energy effective action of string theory gives rise to higher curvature gravity theories as found

by Boulware and Deser [165]. The same can also be obtained by Lovelock’s theory of gravity [151]

whose first order modification gives the higher curvature gravity namely the Gauss Bonnet gravity.

The speciality of Lovelock theory is that the dynamical equations are represented as second order

differential equations in metric tensor gµν . The Gauss Bonnet theory is the simplest development

towards higher energy, thereby higher curvature gravity theory [150]. The theory could be useful to

test strong gravity regimes where Einstein’s theory fails. Also, this might give us hint towards the

validation of theories like string theory. Again we know our spacetime dimension is (3+1) dimensional

whereas Gauss Bonnet gravity plays no role in spacetime dynamics in (3+1) dimensions and is only

effective on spacetime dynamics in d ≥ (4 + 1) [144]. So the validation of Gauss Bonnet gravity (if

any) will also provide the hint towards extra dimensions.

The study of black holes in any theory is simple and fascinating compared to other objects. So we

take interest in studying black holes in a particular case namely Gauss Bonnet gravity and study its

characteristics spacetime using the geodesics of particles moving in the background. We study the

null geodesics around black holes residing in asymptotically Minkowski and AdS background. The

study in Minkowski background help us gain insight of the presence of higher dimensions, validation

of string theory, etc. On the other hand, the study of black holes in asymptotically AdS background

may help us gain some knowledge in the boundary CFT theory by the AdS/CFT correspondance.

It can be pointed out that some of the observables of the black hole has a mapping with some
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quantities in the CFT side. Hence, our study will shred light on those corresponding quantities in

higher curvature gravity and might constrain them. We use the null geodesics to calculate observables,

primarily the black hole shadow. Again we consider the presence of a material media around black

holes and analyse it’s impact on the black hole observables.

In the references [152] and [166], the shadow of black holes considering Gauss-Bonnet gravity theory

has been examined with spin and in higher dimensions. In this chapter, we studied a charged black

hole shadow in asymptotically AdS and Minkowski spacetime in d = 5 dimensions. Also, we studied

the black holes energy emission rate and how the curvature effects it. The study detailed in this

chapter is based on our first work [106].

2.1 Charged black holes in Gauss-Bonnet gravity

The Eintein-Hilbert action considering a negative cosmological constant (Λ < 0) together with the

electromagnetic field and an additional higher curvature Gauss-Bonnet term in general d spacetime

dimensions take the form [144]

S =
1

16πG

∫
ddx
√
−g
[

(d− 1)(d− 2)

l2
+R + γ

(
R2 − 4RabR

ab +RabcdR
abcd

)
− 4πGFabF

ab

]
(2.1)

with Fab(= ∂aAb − ∂bAa) giving the Maxwell field strength tensor (Aa being the 4-potential of the

electromagnetic field). Here γ (≥ 0), gives the Gauss-Bonnet parameter having the dimension of

(length)2 and Λ = − (d−1)(d−2)
2l2

gives the negative cosmological constant with l designating the AdS

radius. Extremizing the action we obtain the field equation as [144]

Rab −
1

2
gabR =

(d− 1)(d− 2)

2l2
gab + 8πG

(
FagF

g
b −

1

4
gabFghF

gh

)
+ γ

[
1

2
gab

(
R2 − 4RcdR

cd +RcdefR
cdef

)
− 2RRab + 4RacR

c
b + 4RcdR

c d
a b − 2RacdeR

cde
b

]
. (2.2)

To solve the equation, we assume a metric ansatz of the form [146]

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2hijdx

idxj (2.3)

where hijdx
idxj denotes the line element of the (d− 2)-dimensional hypersurface. Inserting eq.(2.3)

in eq.(2.2) f(r) is obtained as [146]

f(r) = 1 +
r2

2γ̃

(
1−

√
1− 4γ̃

l2

√
1 +

m

rd−1
− q2

r2d−4

)
(2.4)

with γ̃ and γ related as γ̃ = (d − 3)(d − 4)γ. The integration constants m and q are related to the

black hole mass M and charge Q respectively as

M =
(d− 2)Σk

(
1− 4γ̃

l2

)
64πGγ̃

m , Σk =
2π( d−1

2
)

Γ(d−1
2

)
(2.5)
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Q =

√√√√π(d− 2)(d− 3)
(

1− 4γ̃
l2

)
2γ̃G

q . (2.6)

Taking the limit of γ̃ → 0, eq.(5.2) boils down to

f(r) = 1 +
r2

l2
− 16πGM

(d− 2)Σk

1

rd−3
+

GQ2

2π(d− 2)(d− 3)

1

r2d−6
. (2.7)

The bove solution in eq.(4.3) corresponds to a d-dimensional Reissner-Nordström black hole solution

in an AdS background. The validity of the lapse function f(r) in eq.(5.2)contrains γ imposing the

condition (1 − 4γ̃
l2

) ≥ 0, which gives γ ≤ l2

4(d−3)(d−4)
. As we are interested in stable black holes, the

stability condition puts additional constraint on the Gauss-Bonnet parameter, namely, γ̃
l2
≥ 1

36
[144].

Thus for charged black holes in AdS5 background γ is constrained as

0.01388 ≤ γ ≤ 0.125. (2.8)

2.2 Black hole geodesics

We want to figure out the size and shape of the black hole shadow, as was already indicated. We

must first identify the geodesics that the photons around the black hole have traced in order to derive

the silhouette of the black hole shadow. We consider a particle having mass m0 orbiting the hole in

order to construct the formalism. By establishing the constants of motion along the corresponding

symmetry direction, the metric’s symmetry reduces the challenge of locating geodesics. We move

forward as follows. The tangent vector along the curve xµ = xµ(λ), where λ stands for the affine

parameter, is uµ = dxµ

dλ
. We assume kµ to be a vector in the symmetry direction. Afterward, by

applying the Killing equation [167], we can show

kµuµ = constant (2.9)

where xµ denotes the trajectory of a geodesic [167].

The line element of the above mentioned charged black hole in d = 5 spacetime dimension takes the

form [168]

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dθ2 + r2 sin2 θdφ2 + r2 cos2 θdψ2 (2.10)

with the lapse function in d = 5 dimension given as [146]

f(r) = 1 +

r2

(
1−

√
1− 8γ

l2
+ 64γM

3πr4
− 2γQ2

3πr6

)
4γ

. (2.11)

2.2.1 Symmetry of the metric

Now we use the symmetry of the metric to evaluate the geodesics. From the metric, we observe that

the coffiecients are independent of time coordinate t. This implies the existence of a timelike Killing
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vector kµ=(1,0,0,0,0). From eq.(5.9) we get for t (µ = 0)

k0u0 = u0 = −E . (2.12)

The choice of sign is made for calculational convenience. Here E is a constant giving the energy

per unit mass of the concerned particle moving in the geodesic and is measured by any observer

stationed at infinity. Similar analysis gives the other constants of motion. If we check the metric, we

find that the coefficients lack any term in φ and ψ. Thus they correspond to symmetry directions

and correspond to constnats of motion. Hence using kµ=(0,0,0,1,0) and kµ=(0,0,0,0,1) respectively

for φ and ψ, we get

k3u3 = u3 = Lφ (2.13)

k4u4 = u4 = Lψ . (2.14)

Here Lφ and Lψ are the constants which give angular momentum per unit mass respectively along

φ and ψ for the massive particle moving along geodesic as measured by an observer stationed at

infinity.

The equation of the geodesics along the symmetry directions in terms of constants E, Lφ and Lψ

take the form

u0 = g0νuν = g00u0 =
E

f(r)
(2.15)

u3 = g3νuν = g33u3 =
Lφ

r2 sin2 θ
(2.16)

u4 = g4νuν = g44u4 =
Lψ

r2 cos2 θ
(2.17)

which can be rewritten as

dt

dλ
=

E

f(r)
(2.18)

dφ

dλ
=

Lφ
r2 sin2 θ

(2.19)

dψ

dλ
=

Lψ
r2 cos2 θ

. (2.20)

2.2.2 Hamilton-Jacobi formulation

The equations for t, φ and ψ are evaluated using the symmetry of the metric Now, the other two

equations for r and θ can be evaluated using the Hamilton-Jacobi equation [1]

∂S

∂λ
+

1

2
gµσ

∂S

∂xµ
∂S

∂xσ
= 0 . (2.21)
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To obtain a solution of eq.(4.10), an ansatz S is assumed [1]

S =
1

2
m2

0λ− Et+ Lφφ+ Lψψ + Sr(r) + Sθ(θ) (2.22)

with m0 giving the rest mass of particle concerned as mentioned previously. Here λ serves as the

affine parameter with the functions Sθ(θ), Sr(r) being respectively explicit functions of θ, r. Using

eq.(4.11) in eq.(4.10), we get(∂Sθ
∂θ

)2

+ L2
φ cot2 θ + L2

ψ tan2 θ +
1

2
m2

0 −
r2E2

f(r)
+ r2f(r)

(∂Sr
∂r

)2

+ L2
φ + L2

ψ = 0 . (2.23)

After some rearrangement with θ dependent terms on left of equality and r dependent terms on the

right of equality we obtain(∂Sθ
∂θ

)2

+ L2
φ cot2 θ + L2

ψ tan2 θ +
1

2
m2

0 =
r2E2

f(r)
− r2f(r)

(∂Sr
∂r

)2

− L2
φ − L2

ψ = κ . (2.24)

Here due to the equality both sides are equal to a constant denoted by κ and termed as the separation

constant.

Using the relation,

pµ =
∂S

∂xµ
=

∂L
∂ẋµ

(2.25)

with a Lagrangian

L =
1

2
gµν ẋ

µẋν , ẋµ ≡ dxµ

dλ
(2.26)

we obtain the equations for Sθ and Sr as

∂Sθ
∂θ

= r2 ∂θ

∂λ
(2.27)

∂Sr
∂r

= r2 ∂r

∂λ
. (2.28)

Using the relations (2.27, 2.28) in eq.(2.24) and setting m0 = 0 we obtain the null geodesics as

r2
(dθ
dλ

)
=
√

Θ(θ) (2.29)

r2
(dr
dλ

)
=
√
R(r) (2.30)

where

Θ(θ) = κ− L2
φ cot2 θ − L2

ψ tan2 θ (2.31)

R(r) = r4E2 −
(
L2 + κ

)
r2f(r) . (2.32)

The separation constant κ is also known as the Carter constant. We must note that the eq.(s)(4.12,

2.30) respectively correspond to the geodesic equations for θ, r.
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Eq.(2.30) can be rewritten as [106] (dr
dλ

)2

+ Veff (r) = 0 (2.33)

where Veff is the effective radial potential given by

Veff (r) =
f(r)

r2

(
κ+ L2

)
− E2 (2.34)

L2 ≡ L2
φ + L2

ψ.

2.2.3 Unstable circular geodesics

The black hole shadow is formed by photons (null geodesics). All photons don’t form the shadow

boundary. Those photons that travel in unstable circular orbits and makes their way out to the

observer forms the shadow. So, we need to determine the radius rp of those specific photon orbits.

The conditions are [1], [64]

Veff (r)

∣∣∣∣∣
r=rp

=
∂Veff (r)

∂r

∣∣∣∣∣
r=rp

= 0 (2.35)

along with

∂2Veff (r)

∂r2

∣∣∣
r=rp

< 0 . (2.36)

Now the first condition in eq.(5.42) that is Veff (r = rp) = 0 results into

rp
2

f(rp)
= η + (ξ2

1 + ξ2
2)

≡ η + ξ2 , ξ2 ≡ ξ2
1 + ξ2

2 (2.37)

with the Chandrasekhar constants η, ξ1 and ξ2 [1] defined as

η =
κ

E2
, ξ1 =

Lφ
E
, ξ2 =

Lψ
E

. (2.38)

The second condition in that is eq.(5.42)
∂Veff (r)

∂r

∣∣∣
r=rp

= 0 results into

(
rf ′(r)− 2f(r)

)∣∣∣
r=rp

= 0. (2.39)

Replacing the lapse function f(r) and it’s derivative f ′(r) in eq.(2.39) we get [106]

144π2
(

1− 8γ

l2

)
r8
p +

(
3072πγM − 4096M2

)
r4
p −

(
96πγQ2 − 384MQ2

)
r2
p − 9Q2 = 0 (2.40)
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with f ′(r) given as

f ′(r) =
1√

1− 8γ
l2

+ 64γM
3πr4
− 2γQ2

3πr6

[
r

2γ

(√
1− 8γ

l2
+

64γM

3πr4
− 2γQ2

3πr6

)
− r2

2γ
+

4r

l2
− Q2

6πr5

]
. (2.41)

Using r2
p = x, eq,(5.3) reduces to a fourth order equation in x taking the form

144π2
(

1− 8γ

l2

)
x4 +

(
3072πγM − 4096M2

)
x2 −

(
96πγQ2 − 384MQ2

)
x− 9Q2 = 0 . (2.42)

In principle, the exact analytical solution of the above eq.(5.3) can be obtained. Taking the limit

Q→ 0 we obtain the solution of x as

x =
8
√

4l2M2 − 3πγl2M

3π
√
l2 − 8γ

(2.43)

which in turn terms of rp becomes [106]

rp =

√
8
√

4l2M2 − 3πγl2M

3π
√
l2 − 8γ

. (2.44)

However in case of non-zero Q, we fix the values of the black hole mass M , AdS radius l and GB

parameter γ to obtain the solution of eq.(5.3) numerically. The solution gives the values of photon

sphere radius rp fordifferent values of black hole charge Q.

To obtain the radius rp in asymptotically flat spacetime, we take the limit l → ∞ which reduces

eq.(5.3) to the form

144π2x4 +
(
3072πγM − 4096M2

)
x2 −

(
96πγQ2 − 384MQ2

)
x− 9Q2 = 0 . (2.45)

Here also the solution of rp is readily obtained in Q→ 0 limit as [106]

rp =

√
8
√

4M2 − 3πγM

3π
. (2.46)

The above solution in eq.(5.4) can be obtained from eq.(5.20) by setting l→∞. Also, for Q 6= 0, we

numerically obtain the solution for rp fixing the values of M and γ and varying the charge Q. The

numerical values are displayed in Table 1 below.

2.3 Constructing the black hole shadow

Since the shadow is formed in the celestial plane, we need to obtain the coordinates (α, β) defining

that plane. The celestial coordinates in d = 5 spacetime dimensions takes the form [168]

α = lim
r→∞
−
(
r2 sin θ

dφ

dr
+ r2 cos θ

dψ

dr

)
β = lim

r→∞
r2 sin θ

dθ

dr
. (2.47)
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We have already discussed the celestial coordinates in detail in the first chapter.

Using the geodesic equations given in eq.(s)(3.69), (4.12), (2.30), we obtain the values of dφ
dr
, dψ
dr

and
dθ
dr

as

dφ

dr
=

Lφ csc2 θ

r2

√
E2 − f(r)

r2
(κ+ L2

φ + L2
ψ)

(2.48)

dψ

dr
=

Lφ sec2 θ

r2

√
E2 − f(r)

r2
(κ+ L2

φ + L2
ψ)

(2.49)

dθ

dr
=

1

r2

√√√√κ− L2
φcot

2θ − L2
ψ tan2 θ

E2 − f(r)
r2

(κ+ L2
φ + L2

ψ)
. (2.50)

Using dφ
dr
, dψ
dr

and dθ
dr

the celestial coordiantes (α, β) take the form

α = − (ξ1 csc θ + ξ2 sec θ)√
1−

(η+ξ21+ξ22)

(
1−

√
1− 8γ

l2

)
4γ

; β = ±
√√√√√(η − ξ2

1 cot2 θ − ξ2
2 tan2 θ)

1−
((η+ξ21+ξ22))

(
1−

√
1− 8γ

l2

)
4γ

. (2.51)

We consider specifically two observer positions, one at the pole where θ = 0, and the other at θ = π
2

[106], [168]. When θ = π
2

we have Lψ = 0 ( =⇒ ξ2 = 0) and thereby we obtain ξ1 = ξ. Again for

θ = 0 we have Lφ = 0 ( =⇒ ξ1 = 0) giving ξ2 = ξ. The celestial coordinates in both the above cases

have the same form as

α = − ξ√
1−

(η+ξ2)

(
1−

√
1− 8γ

l2

)
4γ

; β = ±
√√√√√ η

1−
((η+ξ2)

(
1−

√
1− 8γ

l2

)
4γ

. (2.52)

Squaring and adding α and β casewise gives the same expression

α2 + β2 =

(
η + ξ2

)
(

1−
(η+ξ2)

(
1−

√
1− 8γ

l2

)
4γ

) ≡ R2
s (2.53)

which represents a circle in the celestial plane α − β with radius Rs. Here Rs in eq.(3.2) gives the

black hole shadow radius which in terms of rp, γ and l takes the form [106]

Rs =

√√√√√√√
(
η + ξ2

)
1−

(η+ξ2)

(
1−

√
1− 8γ

l2

)
4γ

=

√√√√√√√
(

r2p
f(rp)

)

1−
(
r2p

f(rp)
)

(
1−

√
1− 8γ

l2

)
4γ

. (2.54)

.
In Table 1 we show the computed values of the black hole shadow radius Rs and photon radius rp

for different values of charge Q of the black hole and GB parameter γ.

27



Black hole in AdS background

γ Q rp Rs
0.04 0 1.39975 2.00449

1 1.38123 1.98767

0.06 0 1.47698 2.12972
1 1.4588 2.11347

0.08 0 1.59651 2.31911
1 1.57907 2.30379

0.1 0 1.82177 2.66738
1 1.80591 2.65369

Black hole in Minkowski background

γ Q rp Rs
0.0 0 1.3029 1.8426

1 1.28429 1.82518

0.1 0 1.21829 1.78379
1 1.19385 1.76286

0.2 0 1.11106 1.71234
1 1.07415 1.68495

Table 2.1: Photon radius rp and shadow radius Rs with different values of Gauss-Bonnet parameter γ and charge
Q = 0, 1 with M = 1.

2.3.1 Graphical representation and observation
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(b) Asymptotically flat black hole spacetime

Figure 2.1: Silhouette of black hole shadow in the (α− β) plane with variation in Gauss-Bonnet parameter γ setting
Q = 0.

In the Figures 2.1 and 2.2, we thoroughly observed the variation in size of the black hole shadow

with change in values of the GB parameter γ. We found that for the black holes embedded in an

AdS background (having AdS radius l = 1), an increase in the value of the GB parameter γ enlarges

the size of the black hole shadow. On the contrary in case of black holes embedded in a Minkowski

background (having l = ∞), the size of the black hole shadow reduces with an increase in the GB

parameter γ. This observation tells us that the effect of higher curvature gravity corrections effects

the black hole shadow differently based on the asymptotic background. Also we have shown the Fig.

2.1 by considering the black hole charge Q = 0 and Fig. 2.2 by considering Q = 1. By observing the

shadows, we find that the shadow size decreases with increase in black hole charge Q. This can be

explained by the fact that the shadow of a black hole is an image of the black hole event horizon.

The event horizon decreases with increase in charge Q which gets reflected on the size of the black
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hole shadow.
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(a) AdS black hole
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(b) Asymptotically flat black hole

Figure 2.2: Silhouette of black hole shadow in the (α− β) plane with variation in Gauss-Bonnet parameter γ setting
Q = 1.

2.4 Black hole in presence of plasma

Here we incorporate an additional plasma in the background of the black hole. The presence of

plasma impacts the spacetime metric and thereby the Hamiltonian H of the photons as dicussed

earlier. We are primarily interested in studying the impact of plasma on the black hole shadow. To

do so we need to determine the geodesics as we have done previously. Since the plasma is a dispersive

medium, it has a refractive index n which is a function of position and photon frequency ω and can

be written as n = n(xi, ω). The insertion of plasma modifies the Hamiltonian and thus the particle

trajectories (in this case photons) gets modified. The modified energy of a particle having 4-velocity

uα in plasma medium resukts into E = ~ω = −pαuα. The refractive index n of the plasma medium

can be written photon 4-momentum and the plasma frequency as [103]

n2 = 1 +
pαp

α

(pµuµ)2
. (2.55)

The modified Hamiltonian for photons in presence of a plasma background takes the form [103]

H =
1

2

[
gµνpµpν + (n2 − 1)g00p2

0

]
. (2.56)

Using the dispersion relation in presence of plasma [103], [104] and the expression for particle energy

E in plasma (setting ~ = 1) we obtain the refractive index n in terms of plasma frequency ωp and
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photon frequency ω as [104]

n2 = 1−
(ωp
ω

)2

(2.57)

For analytical calculations, we consider a specific form of plasma frequency ωp taking the form [100]

ωp =
4πe2N(r)

me

. (2.58)

In the above equation e, N(r) and me represents the charge, number density and mass of electrons in

the plasma medium respectively. For simplicity, we consider N = N(r). As given in [103, 104], the

physically relevant form of N(r) is assumed to be N0( r0
r

)h where N0, r0 are constants. Substituting

the given form of N(r) in the plasma frequency ωp and using eq.(3.65) we obtain the relation(ωp
ω

)2

=
k

rh
, k > 0. (2.59)

The refractive index n in eq.(3.65) takes the form

n =

√
1− k

rh
. (2.60)

The power h characterizes different properties of the plasma medium. h can take different values

as in [104] but we shall work with h = 1 which takes into account the minimum dependence on r

[104, 96]. Thus the expression of the refractive index in this work reads

n =

√
1− k

r
. (2.61)

The modified form of the Hamilton-Jacobi equation in presence of the plasma medium reads [103](∂S
∂λ

)
+

1

2

[
gµσ

∂S

∂xµ
∂S

∂xσ
− (n2 − 1)

(∂S
∂t

√
−gtt

)2]
= 0. (2.62)

2.5 Null geodesics and shadow in presence of plasma

2.5.1 Determination of null geodesics

Using the Hamiltonian as given in eq.(2.56) and the Hamilton’s equations of motion

ẋµ =
∂H
∂pµ

; ṗµ = − ∂H
∂xµ

(2.63)

we can obtain the equations for t, φ, ψ. On the other hand the r, θ equations can be obtained using

the modified Hamilton-Jacobi equation as given in eq.(2.62). The null geodesics for t, φ, ψ, r, θ in

plasma becomes

dt

dλ
=
n2E

f(r)
(2.64)
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dφ

dλ
=

Lφ
r2 sin2 θ

(2.65)

dψ

dλ
=

Lψ
r2 cos2 θ

(2.66)

r2
(dr
dλ

)
= ±

√
Rpl(r) (2.67)

r2
(dθ
dλ

)
= ±

√
Θpl(θ) (2.68)

where

Rpl(r) = n2r4E2 − (L2 + κ)r2f(r) (2.69)

Θpl(θ) = κ− L2
φ cot2 θ − L2

ψ tan2 θ . (2.70)

The effective potential along the radial direction in presence of plasma is of the form [106]

V pl
eff (r) =

f(r)

r2

(
κ+ L2

)
− n2E2 . (2.71)

The condition for the circular orbits are given by [1], [64]

V pl
eff (r)

∣∣∣∣∣
r=r

(pl)
p

= 0 ,
∂V pl

eff (r)

∂r

∣∣∣∣∣
r=r

(pl)
p

= 0 (2.72)

with the condition for unstability of orbits and thereby maxima of the potential V pl
eff (r) is given by

∂2V pl
eff (r)

∂r2

∣∣∣∣∣
r=r

(pl)
p

< 0. (2.73)

The conditions in eq.(2.72) gives [106]

η + ξ2 =
n2(r)r2

f(r)

∣∣∣∣∣
r=r

(pl)
p

(2.74)

and (
n(r)rf ′(r)− 2n(r)f(r)− 2n′(r)rf(r)

)∣∣∣∣∣
r=r

(pl)
p

= 0 (2.75)

respectively. Using the expressions for f(r) and f ′(r) from eq.(s)(2.11, 2.41) and n′(r) = k

2r2
√

1− k
r

(which is obtained from eq.(2.61)) in eq.(2.75), we get an equation for the radius of the photon sphere

which looks too complicated and therefore we do not present it here. Further, in this case it is not

possible to obtain an exact solution of eq.(2.75) even in the limit Q → 0. So we proceed to solve it

numerically. The presence of the plasma medium introduces an extra parameter k in eq.(2.75). We

then obtain the values for the photon sphere radius rp by numerically solving eq.(2.75).
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2.5.2 Determination of black hole shadow

Proceeding as before, we obtain expressions for dφ
dr
, dψ
dr

and dθ
dr

which are then used to determine the

celestial coordinates (α, β) in presence of the plasma medium. The expressions are

dφ

dr
=

Lφ csc2 θ

r2

√
n2E2 − f(r)

r2
(κ+ L2

φ + L2
ψ)

(2.76)

dψ

dr
=

Lφ sec2 θ

r2

√
n2E2 − f(r)

r2
(κ+ L2

φ + L2
ψ)

(2.77)

dθ

dr
=

1

r2

√√√√ κ− L2
φcot

2θ − L2
ψ tan2 θ

n2E2 − f(r)
r2

(κ+ L2
φ + L2

ψ)
. (2.78)

Using the expressions of dφ
dr
, dψ
dr

and dθ
dr

, we obtain α and β as

α = − ξ1 csc θ + ξ2 sec θ√
1−

(η+ξ21+ξ22)

(
1−

√
1− 8γ

l2

)
4γ

; β = ±
√√√√√(η − ξ2

1 cot2 θ − ξ2
2 tan2 θ)

1−
((η+ξ21+ξ22))

(
1−

√
1− 8γ

l2

)
4γ

. (2.79)

Similar to non-plasma case, considering observers at θ = 0 and θ = π
2
, the celestial coordinate read

α = − ξ√
1−

(η+ξ2)

(
1−

√
1− 8γ

l2

)
4γ

; β = ±
√√√√√ η

1−
((η+ξ2)

(
1−

√
1− 8γ

l2

)
4γ

. (2.80)

By combining the celestial coordinates given in eq.(4.20) and using eq.(2.74), we get [106]

α2 + β2 =

( (
n2r2

f(r)

)
1−

(n
2r2

f(r)
)

(
1−

√
1− 8γ

l2

)
4γ

)∣∣∣∣∣
r=r

(pl)
p

≡ R2
s (2.81)

where Rs is the radius of the black hole shadow in presence of the plasma medium.

k=0.2

γ Q rp Rs
0.04 0 1.26288 1.43158

1 1.24274 1.41829

0.06 0 1.31468 1.48548
1 1.2944 1.47241

0.08 0 1.39359 1.56276
1 1.37341 1.55104

0.1 0 1.53788 1.69368
1 1.51837 1.68354

k=0.4

γ Q rp Rs
0.04 0 1.12849 1.06052

1 1.10497 1.04703

0.06 0 1.15842 1.0894
1 1.13371 1.07626

0.08 0 1.20383 1.13058
1 1.17771 1.11801

0.1 0 1.28534 1.19967
1 1.25751 1.18815

Table 2.2: Photon radius rp and shadow radius Rs with different values of Gauss-Bonnet parameter γ and
charge Q = 0, 1 with M = 1. The black hole lies in AdS background.
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k=0.2

γ Q rp Rs
0.0 0 1.27491 1.69362

1 1.25564 1.67527

0.1 0 1.18351 1.62844
1 1.15749 1.60587

0.2 0 1.06441 1.56832
1 1.02237 1.51562

k=0.4

γ Q rp Rs
0.0 0 1.23863 1.52487

1 1.21834 1.50498

0.1 0 1.13633 1.44876
1 1.1075 1.42313

0.2 0 0.995559 1.34738
1 0.941962 1.30724

Table 2.3: Photon radius rp and shadow radius Rs with different values of Gauss-Bonnet parameter γ and
charge Q = 0, 1 with M = 1. The black hole lies in Minkowski background.

2.5.3 Graphical representation and observation
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Figure 2.3: Silhouette of black hole shadow in the (α−β) plane with variation in Gauss-Bonnet parameter γ in AdS
background.
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In Figure (2.3), we have shown the silhouette of the black hole shadow of a charged black hole im-

mersed in plasma in aymptotically AdS background. We plot the shadow varying the GB parameter

γ and considering black hole charge Q = 0, 1 and plasma parameter k to be 0.2 and 0.4. Analaysing

the plots, we find that as early observations, the shadow size increases with γ and decreases with

charge Q even in presence of plasma. Thus the presence of plasma does not effect their nature of

impact on the black hole shadow. Also we find that with increment in k, the shadow radius shrinks.
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Figure 2.4: Silhouette of black hole shadow in the (α− β) plane with variation in Gauss-Bonnet parameter γ setting
Q = 0 in Minkowski background.

In Figure (2.4), we have shown the silhouette of the black hole shadow of a charged black hole

immersed in plasma in aymptotically Minkowski background. We plot the shadow varying the GB

parameter γ and considering black hole charge Q = 0, 1 and plasma parameter k to be 0.2 and 0.4.

Analaysing the plots, we find that as early observations, the shadow size decreases both with γ and
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charge Q even in presence of plasma. Thus the presence of plasma does not effect their nature of

impact on the black hole shadow. Also we find that with increment in k, the shadow radius shrinks.

2.6 Energy emission rate

Here we study the energy emission rate of charged Gauss-Bonnet black holes in asymptotically

AdS4+1 and asymptotically flat spacetime. Mathematically the energy emission rate takes the form

[169]
d2Z(ω)

dωdt
=

2π2σlim

exp
(

ω
TH

)
− 1

ω3 (2.82)

with Z(ω), ω , TH respectively giving the energy of emission, frequency of radiated emission and

Hawking temperature corresponding to the black hole. The Hawking temperature in d = 5 dimen-

sions can be obtained from eq.(5.2) to be

TH =
f ′(r)

4π

∣∣∣∣∣
r=r+

=
(4Q2r+ − 128Mr3

+) + (256Mr2
+ − 12Q2)

96π2r7
+

(2.83)

where r+ is the radius of the event horizon of the black hole.
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Figure 2.5: Plots of energy emission rate of charged black hole with variation in emitted frequency (ω) for varying
values of Gauss-Bonnet parameter γ in asymptotically AdS background.
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The expression for σlim, which is the limiting constant value is expressed in d spacetime dimensions

as [170, 171]

σlim =
π
d−2
2 Rd−2

s

Γ
(
d
2

) (2.84)

where Rs is the radius of the shadow. In d = 5 dimensions, σlim reads [106]

σlim ≈
4πR3

s

3
. (2.85)

The form of the energy emission rate in d = 5 dimensions therefore becomes [106]

d2Z(ω)

dωdt
=

8π3R3
s

3
(
exp
(

ω
TH

)
− 1
)ω3 . (2.86)
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Figure 2.6: Plots of energy emission rate of charged black hole with variation in emitted frequency (ω) for varying
values of Gauss-Bonnet parameter γ in asymptotically Minkowski background.

In Figures 2.5, 2.6 we plot the variation of energy emission rate d2Z(ω)
dωdt

with the frequency of the

emitted radiation ω for different values of Gauss-Bonnet parameter γ. The plots are shown for

charge Q = 0, 1 and plasma parameter k = 0, 0.2. The plots in Fig.2.5 are shown for asymptotically

AdS (l = 1) black hole and in Fig.2.1 for asymptotically Minkowski (l = ∞) black hole spacetime.

We find that the emission rate decreases with increment in γ both for AdS and Minkowski spacetime.
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We also find that plasma influences the energy emission rate drastically. The effect is more prominent

in AdS black hole compared to aymptotically flat black hole.

2.7 Summary

In this chapter we discussed the shadow of a charged black hole in higher curvature Gauss-Bonnet

gravity as seen by a distant observer in d = 5 spacetime dimensions. The reason for considering

dimensions greater than d = 4 is that the Gauss Bonnet term effects spacetime dynamics in dimen-

sions d ≥ 5. Though the universe in which we live is found to be (3 + 1) dimensional, yet the study

of astrophysical objects like black holes and their shadow in higher dimension is worthwhile. We

investigated shadow in AdS as well as Minkowski background. The study of black holes in AdS

background can help us gain insight of the boundary CFT theory via AdS/CFT correspondence

[154]. Also many works have been done which helps us relate some aspects in the AdS/CFT side

with the photon orbits [172]-[174]. Also, studying black hole shadows in Minkowski background in

higher dimensions in Gauss-Bonnet gravity can help us gain knowledge of higher curvature and spec-

ulative evidence of higher dimensions (if there are any). Again the nature of impact of Gauss-Bonnet

parameter on black hole shadow can be interpolated to observable dimensions [153]. In this chapter

we computed the null geodesics in d = 5 dimensions for charged black holes both in aymptotically

AdS and Minkowski spacetimes. Then we used the null geodesics to obtain the celestial coordinates

which thereby gives the radius of the black hole shadow Rs. We computed the values of photon

radius rp and shadow radius Rs taking into consideration the effect of various parameters and rep-

resent them graphically. We observe the effect of the Gauss Bonnet parameter γ on Rs which yields

contrasting results for AdS black hole and asymptotically flat black hole spacetime [106]. We infer

from Fig(s).(2.1), (2.2) that for AdS (l = 1) spacetime, the increase in γ increases Rs whereas the

opposite is observed in case of the black holes in Minkowski spacetime (l →∞). The charge Q also

has an effect on Rs. We observe that the shadow radius Rs decreases with increase in charge Q in

both AdS and asymptotically flat (Minkowski) spacetime. This can be explained by the fact that the

event horizon decreases with increase in charge Q, so is the black hole shadow which indirectly gives

the event horizon’s size [79]. We then introduce a plasma background in order to observe the effect

of refractive index (n) of the medium on the unstable circular photon orbits. It is observed that an

increase in the plasma parameter results in decrease in the radius of the shadow Rs. The effect of n

is similar in both spacetimes (asymptotically AdS and Minkowski). Due to higher higher vaue of n,

the light gets more deviated and seems to come from much closer region to the black hole thereby

effectiving the size of photon radius rp and hence of Rs. Finally we compute the energy emission

rate of the charged Gauss-Bonnet black hole and represent them graphically. We observe that the

energy emission rate decreases with increase in the value of γ in both AdS and asymptotically flat

spacetime which can be observed in fig(s).(2.5), (2.6). We would like to mention that one of the

main motivations of this work is to probe the signature of higher curvature correction in the shadow

of black holes which in turn also brings out possibilities of the existence of extra dimensions.
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Chapter 3

Rotating charged black hole in presence

of perfect fluid dark matter

Dark matter and dark energy are intriguing topics of study and demand our attention in their own

right. Besides 68% dark energy and 5% conventional matter, the cosmos includes roughly 27% dark

matter [175], [176]. Dark matter is thought to be everywhere in and beyond the observable universe

through evidence obtained from indirect measurements, and the amount grows as we move out from

the galactic center [177]. Different dark matter theories can be highly helpful in explaining both

the large and small-scale structure of the universe [178]−[180]. In addition, it has been computed

that dark matter is present surrounding black holes as ”halos”. Many observations such as rotation

curves of galaxies [177] and dynamical motion of galaxy clusters [181] predicted the existence of dark

matter in the universe. The widely accepted model for dark matter is the cold dark matter model

(CDM) whose primary candidate are WIMPs. But the CDM model breaks down at smaller scales

[179]. To deal with the drawbacks of the CDM model, warm and fuzzy dark matter models have been

proposed. All these models fall in the category of perfect fluid dark matter (PFDM). The perfect

fluid model was first introduced in [158] where Kerr de-Sitter/anti-de-Sitter black hole in such a

background was discussed thoroughly. The idea for such a model developed with works of Kiselev

in [160], [161] and carried further by Li and Yang in [162]. This model has recently gained wide

attention in the scientific community and huge number of works have been done in the recent years.

Shadows of black holes immersed in perfect fluid dark matter have been studied for rotating black

holes with and without a cosmological constant [182, 159], as well as for non-rotating charged black

holes [183]. Dark matter consists of non-baryonic matter, and its presence around black holes can

greatly modify the spacetime dynamics and hence effect various astrophysical aspects. The geodesics

around a black hole immersed in PFDM (perfect fluid dark matter) should in principle be significantly

affected by the presence of excess matter and can thus lead to interesting observations. In addition,

black holes are sources of extreme energy, which can be obtained via the Penrose process [75]. The

efficiency of the process is maximum at the event horizon of the black hole and requires particles

with negative energy and angular momentum to be absorbed into the black hole. The process takes

place in a region known as the ergosphere which exists only in case of rotating black holes. There

have been various studies on the Penrose process and thus the energy extraction from the black hole,

for example [76],[184]-[186] where the energy extraction of rotating particles was studied and it is

also found that the efficiency of Penrose process increases in case of higher dimensions. In this work,
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we study the Penrose process for rotating charged black holes in the presence of PFDM.

In this chapter, we have obtained and discussed the solution of a stationary charged black hole

surrounded by perfect fluid dark matter (PFDM) and study its different energy conditions [156]. Then

we obtain the rotating version of the black hole solution by utilising the Newman-Janis algorithm

[187]-[189]. An unique and interesting variation of the black hole event horizon with respect to the

PFDM parameter α was observed [182]. We studied in detail the impact of PFDM on the geodesics

corresponding to both massless and massive particles in the vicinity of a rotating charged black hole.

After that, we calculated and analysed the circular geodesics of photons and used them to determine

the radius of unstable photon orbits. In addition, we investigated how the dark matter parameter

α, the spin (a) and charge (Q) of the black hole affect the photon radius. For massive particles, in

addition to the effective potential (Veff ), the energy (E) and angular momentum (L) of the particle

are also calculated. The effect of the PFDM parameter α, black hole spin (a), and charge (Q) on these

calculated quantities has been analysed and discussed thoroughly. We then examined the Penrose

process. Then we investigated how the PFDM parameter α affects the size of the ergosphere, the

negative energy of the particle and thus the efficiency of the Penrose process. This chapter is based

on our work in [156].

In the next chapter we studied the black hole shadow in the same background incorporating plasma

medium.

3.1 Charged static black hole in perfect fluid dark matter

We consider a (3 + 1)-D gravity theory minimally coupled to a U(1) gauge field, in the presence of

dark matter having perfect fluid nature. The action can be written as [156, 158, 159, 162, 183, 184]

S =

∫
d4x
√
−g
( R

16πG
− 1

4
F µνFµν + LDM

)
. (3.1)

Here, R is the Ricci scalar and G is the Newton’s gravitational constant. Fµν is the Maxwell field

strength tensor which is related with the electromagnetic potential Aµ as Fµν = ∂µAν − ∂νAµ, and

LDM gives the Lagrangian density for the perfect fluid dark matter (PFDM). Extremizing the action

we get the Einstein field equations as [156]

Rµν −
1

2
gµνR = 8πG(TMµν − TDMµν ) . (3.2)

Here, TMµν corresponds to the energy-momentum tensor corresponding to the ordinary matter (Maxwell

field) whose diagonal representation is [190]

(T µν)
M = diag

(
− Q2

8πGr4
,− Q2

8πGr4
,

Q2

8πGr4
,

Q2

8πGr4

)
(3.3)

where Q being the electric charge. Again, TDMµν represents the energy-momentum tensor of the

perfect fluid dark matter (PFDM) [158]. It is specified as

(T µν)
DM = diag(−ρ, Pr, Pθ, Pφ) ; Pr = −ρ ; Pθ = Pφ = P (3.4)
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where ρ and P give the density and pressure of the perfect fluid dark matter respectively. Following

[158, 162], we further consider

(T θθ)
DM = (T tt)

DM(1− ε) ; (T φφ)DM = (T rr)
DM(1− ε) (3.5)

where ε is a constant. Using eq.(3.4) in eq.(3.5), the equation of state for the PFDM takes the form

[158]

P

ρ
= (ε− 1) . (3.6)

3.1.1 Black hole solution

We wish to obtain a static and spherically symmetric solution. So, we assume a metric ansatz of the

form

ds2 = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdφ2) (3.7)

with ν, λ being functions of r only. The field equations read

e−λ
( 1

r2
− λ

′

r

)
− 1

r2
= 8πG

(
ρ− Q2

8πGr4

)
(3.8)

e−λ
( 1

r2
+
ν
′

r

)
− 1

r2
= 8πG

(
− Pr −

Q2

8πGr4

)
(3.9)

e−λ

2

(
ν ′′ +

ν ′2

2
+
ν ′ − λ′

r
− ν

′
λ
′

2

)
= 8πG

(
− P +

Q2

8πGr4

)
(3.10)

e−λ

2

(
ν ′′ +

ν ′2

2
+
ν ′ − λ′

r
− ν

′
λ
′

2

)
= 8πG

(
− P +

Q2

8πGr4

)
(3.11)

where prime signifies the first order differentiation with respect to the radial coordinate r. Equations

(3.8) and (3.10) can be rearranged to the form

e−λ
( 1

r2
− λ

′

r

)
− 1

r2
+
Q2

r4
= 8πGρ

e−λ

2

(
ν ′′ +

ν ′2

2
+
ν ′ − λ′

r
− ν ′

′
λ
′

2

)
− Q2

r4
= −8πGP . (3.12)

Taking the ratio of the equations in (3.12) and using the equation of state (eq.3.6), we obtain

e−λ

2

(
ν ′′ +

ν ′2

2
+
ν ′ − λ′

r
− ν ′

′
λ
′

2

)
− Q2

r4
= (1− ε)

[
e−λ
( 1

r2
− λ

′

r

)
− 1

r2
+
Q2

r4

]
. (3.13)

Now subtracting eq.(3.9) from eq.(3.8) and using eq.(3.4), we get

ν ′ + λ′ = 0

ν + λ = C (3.14)

where, C is the constant of integration. Now, rescaling the time coordinate, the integration constant
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C can be set to zero. This implies

ν = −λ . (3.15)

Setting ν = ln(1− U) where U ≡ U(r) simplifies eq.(3.13) to the following form

U
′′

2
+ ε

U

r
+ (ε− 1)

U

r2
+ (2− ε)Q

2

r4
= 0 . (3.16)

Eq.(3.16) can be solved for different values of ε [162]. However we are particularly interested in the

solution for ε = 3
2

[160, 162]. For ε = 3
2
, eq.(3.16) reduces to the following form

r2U
′′

+ 3rU
′
+ U +

Q2

r2
= 0 . (3.17)

The solution of the above equation is obtained to be

U(r) =
rs
r
− Q2

r2
− α

r
ln
( r

|α|

)
(3.18)

where rs and α are integration constants. In order to evaluate rs, we set Q = 0 and α = 0. In

this limit, by utilizing the weak field approximation, rs is obtained to be 2GM1. The lapse function

therefore becomes

f(r) = eν = e−λ = eln(1−U) = 1− U = 1− 2GM

r
+
Q2

r2
+
α

r
ln
( r

|α|

)
(3.19)

corresponding to the following metric of a static, spherically symmetric, charged black hole in PFDM

of the form

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2dθ2 + r2 sin2 θdφ2 . (3.20)

It is reassuring to observe that the above geometry reduces to the well-known black hole solutions

in the literature. In the limit α → 0, eq.(3.19) coincides with the Reissner-Nordström black hole

solution and in the limit α→ 0, Q→ 0 it reduces to the Schwarzschild solution. Further, in the limit

Q→ 0 the above geometry matches with the solution given in [162, 182].

3.1.2 Validity of the energy conditions

We now check the validity of the energy conditions of the above solution. For that we first derive

the density (ρ) of PFDM. Substituting e−λ given in eq.(3.19) in eq.(3.8) we get [156]

ρ =
α

8πGr3
. (3.21)

Similarly, from rest of the equations, we obtain the pressure components of the energy-momentum

tensor (T µν)
DM of the dark matter. This reads [156]

Pr = −ρ = − α

8πGr3
, Pθ = Pφ =

1

2
ρ . (3.22)

1The calculation is shown in Appendix A.
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WEC or weak energy condition can written as [64, 191]

Tµνξ
µξν ≥ 0 (3.23)

where ξµ and ξν are time-like vectors. WEC signifies that the total energy density of all matter fields

as measured by an observer moving along a time-like curve is always positive. Eq.(3.23) implies

ρs ≥ 0 and ρs + P total
i ≥ 0 (i = r, θ, φ) (where P total

i is the pressure in any spatial direction) [156].

Here, ρs is given as
(
ρ − Q2

8πGr4

)
[156]. Hence, in order to satisfy the WEC, the following condition

must hold

ρs =
α

8πGr3
− Q2

8πGr4
≥ 0. (3.24)

The above condition reduces to α
8πGr3

≥ 0 when the (ordinary) matter field is absent (that is Q = 0).

3.2 Rotating black hole using Newman-Janis algorithm

In general all black holes in the universe are rotating. So the inclusion of spin a to black hole metric

makes the scenario realistic. In order to incorporate spin (a), we wish to utilise the Newman-Janis

algorithm [187], [192] which is one of the most effective technique to incorporate spin to any system

in absence of cosmological constant. Let us discuss the algorithm by considering a general metric of

the form

ds2 = −f(r)dt2 +
1

g(r)
dr2 + h(r)

(
dθ2 + sin2 θdφ2

)
(3.25)

and follow the approach accordingly as described in [189]. We first express the metric in Eddington-

Finkelstein coordinates (u) having the transformation

dt = du+
dr√

f(r)g(r)
. (3.26)

The metric in Eddington-Finkelstein coordinates take the form

ds2 = −f(r)du2 − 2

√
f(r)

g(r)
dudr + h(r)

(
dθ2 + sin2 θdφ2

)
. (3.27)

Then we introduce null tetrads Zµ =
(
lµ, nµ,mµ,mµ

)
. The metric tensor can be written in terms of

null tetrads as

gµν = −lµnν − lνnµ +mµmν +mνmµ . (3.28)

The null tetrads follow the relations lµnµ = −mµmµ = 1 with the other possible combinations

giving zeroes. To obtain the inverse metric, we need to represent the tetrad components in terms of

(u, r, θ, φ). This reads

lµ = δµr

nµ =

√
g(r)

f(r)
δµu −

g(r)

2
δµr
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mµ =
1√

2h(r)

(
δµθ +

i

sin θ
δµφ

)
. (3.29)

In order to add spin to the metric solution, we use the transformations u → u
′

= u − ia cos θ and

r → r
′
= r + ia cos θ. The null tetrads get modified following the relation

Z
′µ
β =

∂x
′µ

∂xν
Zν

β . (3.30)

Here µ denotes the components of the tetrads along u, r, θ, φ directions whereas β denotes the null

tetrads (l, n,m, m̄). Thus the above transformation gives a new set of tetrads

l
′µ = δµr ; n

′µ =

√
g(r)

f(r)
δµu −

f(r)

2
δµr ; m

′µ =
1√

2h(r)

(
ia sin θ

(
δµu − δµr

)
+ δµθ +

i

sin θ
δµφ

)
.

As r and u got transformed, hence the components of the metric tensor will also modify. Hence, we

get f(r) → F (r, θ), g(r) → G(r, θ) and h(r) → H(r, θ). The non-zero components of the inverse

metric tensor are

guu =
a2 sin2 θ

H
; grr = G+

a2 sin2 θ

H
; gur = gru = −

√
G

F
− a2 sin2 θ

H

gθθ =
1

H
; gφφ =

1

H sin2 θ
; guφ = gφu =

a

H
; grφ = gφr = − a

H
.

Using the above metric components, we obtain the non-zero components of the covariant metric

tensor as

guu = −F ; gur = gru = −
√
F

G
; guφ = gφu =

(
− a
√
F

G
+ aF

)
sin2 θ

gθθ = H ; gφφ = sin2 θ
(
H + 2a2 sin2 θ

√
F

G
− a2F sin2 θ

)
; grφ = gφr = a sin2 θ

√
F

G
.

Thus the metric in Eddington Finkelstein coordinates read

ds2 = −Fdu2 − 2

√
F

G
dudr + 2a sin2 θ

(
F −

√
F

G

)
dudφ+ 2a sin2 θ

√
F

G
drdφ

+Hdθ2 + sin2 θ
[
H + a2 sin2 θ

(
2

√
F

G
− F

)]
dφ2 . (3.31)

Now we want to remove u and express the metric in Boyer-Lindquist coordinates. This can be

achieved by using the transformation du = dt + ξ1(r)dr and dφ = dφ + ξ2(r)dr. Only the diagonal

elements and dtdφ component of the metric survives, rest are zero. This condition gives the values

43



of ξ1 and ξ2 as

ξ1(r) =
−
(√

G
F
H + a2 sin2 θ

)
(
GH + a2 sin2 θ

) ; ξ2(r) =
−a(

GH + a2 sin2 θ
)

and the metric becomes

ds2 = −Fdt2 +
( H

GH + a2 sin2 θ

)
dr2 +Hdθ2 + 2a sin2 θ

(
F −

√
F

G

)
dtdφ

+ sin2 θ
[
H + a2 sin2 θ

(
2

√
F

G
− F

)]
dφ2 . (3.32)

Now to incorporate spin a into F,G,H and also to keep the terms real, we use the transformation

rp → rp+2

r2+a2 cos2 θ
= rp+2

ρ2
; p ≥ 0 following [188]. This approach of incorporating spin (a) into the

terms, leads to the modifies F,G,H as

f(r)→ F (r) = 1− 2Mr

ρ2
+
Q2

ρ2
+
αr

ρ2
ln
( r

|α|

)

g(r)→ G(r) = 1− 2Mr

ρ2
+
Q2

ρ2
+
αr

ρ2
ln
( r

|α|

)
h(r)→ H(r) = ρ2 .

Using the above relations, we obtain the final expression for the rotating charged black hole metric

in PFDM as

ds2 = − 1

ρ2

(
∆− a2 sin2 θ

)
dt2 +

ρ2

∆
dr2 + ρ2dθ2 − 2a sin2 θ

ρ2

[
2Mr −Q2 − αr ln

( r

|α|

)]
dtdφ

+ sin2 θ
[
r2 + a2 +

a2 sin2 θ

ρ2

(
2Mr −Q2 − αr ln

( r

|α|

))]
dφ2 (3.33)

with ∆ = r2 + a2 − 2Mr +Q2 + αr ln
(

r
|α|

)
and ρ2 = r2 + a2 cos2 θ.

3.3 Analysis of the solution

The solution in eq. (3.33) gives the solution of a rotating charged black hole immersed in perfect

fluid dark matter. The horizon of the black hole is dictated by the solution ∆ = 0. The horizon gets

influenced by PFDM parameter α, the black hole spin a and charge Q. The contribution of PFDM

in the system comes via the logarithmic term. The term can be either positive or negative depending

on the sign of α. The authors in [158] have discussed about the importance and significance of both

positive and negative values of α. In this work we are primarily interested in the positive values

of α. The allowed maximum value for α is αmax = 2M [158, 159]. For the sake of simplicity, we

will consider M = 1 in our subsequent analysis. The PFDM term influences the structure of the

spacetime and hence the trajectories of the geodesics.

Table 3.1 shows the values of the inner horizon (rh−) and outer horizon (rh+) of the black hole for
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various values of α at constant spin parameter a = 0.5 and charge Q = 0.3 of the black hole. We

find that the outer horizon (rh+) decreases with the increase in α upto a critical value αc (which in

this case αc ≈ 0.47).

α 0.1 0.2 0.3 0.4 0.47 0.5 0.6 0.7 0.8 0.9 1.0

rh+ 1.5 1.37 1.30 1.27 1.265 1.267 1.28 1.30 1.34 1.37 1.415

rh− 0.2 0.185 0.17 0.1525 0.14 0.135 0.12 0.105 0.095 0.085 0.075

Table 3.1: Inner (rh−) and outer (rh+) horizon radius of the black hole for different values of α with fixed a =
0.5, Q = 0.3.

However, beyond this critical value (αc), the outer horizon (rh+) starts to increase steadily. Also we

find that with increment in the value of α, the inner horizon radius (rh−) monotonically decreases.

This critical value αc can be interpreted as the point of reflection. The point of reflection can be

observed by plotting ∆(r) with r at fixed values of spin (a) and charge (Q) of the black hole. The

critical point corresponds to the turning point of ∆(r) subject to the condition d∆(r)
dr

∣∣∣
r=rh+

= 0.

a Q αc
0.1 0.0 0.602

0.1 0.8 0.454

0.2 0.0 0.596

0.2 0.8 0.432

0.3 0.0 0.574

0.3 0.8 0.402

0.4 0.0 0.552

0.4 0.7 0.454

a Q αc
0.5 0.0 0.536

0.5 0.7 0.418

0.6 0.0 0.510

0.6 0.6 0.418

0.7 0.0 0.484

0.7 0.5 0.418

0.8 0.0 0.465

0.8 0.3 0.400

Table 3.2: Critical values of PFDM parameter (αc) for valid combinations of spin (a) and charge (Q) of the black
hole.

This effect on the event horizon of the black hole gets reflected on the black hole shadow [182] as

discussed in the next chapter. Due to such effect observed on event horizon of black hole, we are

interested in analysing different properties of the black hole spacetime in two different ranges of

α, namely, the lower range α < αc and the higher range α > αc. This observation of the apparent

increase in the size of the black hole after a critical value αc can be explained by PFDM’s contribution

to the mass of the black hole system. So as discussed in [182], we consider that the total system

consists of two parts, one is the original BH with mass M and the other part coming from the perfect

fluid dark matter with mass M
′
. So, when the PFDM parameter α is less than the critical value

αc, then the dark matter opposes the effect of the original black hole system, hence the effective

horizon is less than 2M . But as α gradually increases and becomes α > αc, the total system’s mass

is dictated by the dark matter component. Thus, the event horizon monotonically increases after αc.

In Table 3.2, we have shown the values of αc for different possible combinations of spin a and charge

Q which has been used in the subsequent analysis. We observe that the obtained values of αc lies

within the range αc ∈ [0.4 − 0.602] depending upon the values of spin (a) and charge (Q). On the

basis of these values, we define the lower range of values of α which are less than these values and

higher range of values of α which are greater than these values.
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3.4 Circular geodesics

As mentioned above, we are interested in studying geodesics. For simplicity we constrain ourselves

to the study of geodesics in the equatorial plane (θ = π
2
). The consideration of equatorial plane

simplifies some functions as

∆ = r2 + a2 − 2Mr +Q2 + αr ln
( r

|α|

)
; ρ2 = r2 .

In order to continue the analysis, we consider a particle whose Lagrangian L = 1
2
gµν ẋ

µẋν [1]. ẋµ =

uµ = dxµ

dλ
denotes the four-velocity of the particle. The affine parameter corresponds to the proper

time (τ) in case of the massive particles moving along timelike geodesics. The Lagrangian is expressed

in terms of metric and we observe that the metric coefficients are independent of t and φ. Hence

the metric is invariant along those directions (directions of symmetry) as discussed in the previous

chapter. The metric invariance along those directions gives two conserved quantities E and L. The

quantities E and L physically represent the specific energy (energy per unit mass) and angular

momentum (angular momentum per unit mass) of the particle respectively measured by stationary

observer at infinity. In terms of these quantities, the geodesic equations of t and φ take the form

ṫ =
1

r2

[r2 + a2

∆

(
E(r2 + a2)− aL

)
+ a(L− aE)

]
(3.34)

φ̇ =
1

r2

[ a
∆

(
E(r2 + a2)− aL

)
+ (L− aE)

]
. (3.35)

The Hamiltonian H = pµẋ
µ − L reads

2H = p0ẋ
0 + p1ẋ

1 + p3ẋ
3 = −Et+ Lφ̇+

r2

∆
ṙ2 = constant = δ . (3.36)

with δ = −1, 0, 1 for timelike, null and spacelike geodesics respectively. We are primarily interested

in null and timelike geodesics which are physically relevant. Substituting the values of ṫ and φ̇ from

eq(s).(3.34) and (3.35) in eq.(3.36), we obtain the geodesic equation for r as

ṙ2 =
1

r4

[(
E(r2 + a2)− aL

)2

−∆(L− aE)2
]

+
∆

r2
δ . (3.37)

The radial geodesic equation is useful for the analysis of the circular geodesics and also for determining

the effective potential.

3.4.1 Null geodesics and photon orbit radius

First we study the null geodesics subject to the condition δ = 0. Hence the radial equation becomes

ṙ2 =
1

r4

[(
E(r2 + a2)− aL

)2

−∆(L− aE)2
]
≡ F (r) . (3.38)

We define L
E

= D as the impact parameter reducing two constants L and E into a single one D. In
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terms of D, the above eq.(3.38) becomes

ṙ2 =
E2

r2

[
r2 +

2M

r
(a−D)2 − Q2

r2
(a−D)2 − α

r
ln(

r

α
) + (a2 −D2)

]
. (3.39)

In general D 6= a, but for the trivial case considering D = a, we get the geodesics for t, φ and r

reduce to
dt

dλ
=
r2 + a2

∆
E ;

dφ

dλ
=

a

∆
E ;

dr

dλ
= ±E . (3.40)

a=0.5,Q=0.3

α rp1
0.1 1.85

0.2 1.69

0.3 1.62

0.4 1.60

0.9 1.81

1.0 1.87

1.1 1.94

1.2 2.05

Q=0.3, α=0.2, 1.0

α a rp1
0.2 0.1 2.18

0.2 0.4 1.83

0.2 0.7 1.345

1.0 0.1 2.15

1.0 0.4 1.95

1.0 0.7 1.7

a=0.5, α=0.2, 1.0

α Q rp1
0.2 0.0 1.78

0.2 0.3 1.7

0.2 0.6 1.4

1.0 0.0 1.9

1.0 0.3 1.87

1.0 0.6 1.7

Table 3.3: Radius (rp1) of the co-rotating (prograde) photon orbits.

a=0.5, Q=0.3

α rp2
0.1 2.95

0.2 2.755

0.3 2.605

0.4 2.515

0.9 2.47

1.0 2.505

1.1 2.545

1.2 2.59

Q=0.3, α=0.2, 1.0

α a rp2
0.2 0.1 2.39

0.2 0.4 2.67

0.2 0.7 2.92

0.2 1.0 3.15

1.0 0.1 2.28

1.0 0.4 2.45

1.0 0.7 2.61

1.0 1.0 2.745

a=0.5, α=0.2, 1.0

α Q rp2
0.2 0.0 2.82

0.2 0.3 2.75

0.2 0.6 2.54

0.2 0.9 2.40

1.0 0.0 2.55

1.0 0.3 2.5

1.0 0.6 2.34

1.0 0.9 2.1

Table 3.4: Radius (rp2) of the counter rotating (retrograde) photon orbits.

For the general case (D 6= a), we wish to find the circular photon orbits. The conditions that

constrain them are F (r)
∣∣∣
r=rp

= F ′(r)
∣∣∣
r=rp

= 0 [193]. These two conditions yield

r2
p +

2M

rp
(a−D)2 − Q2

r2
p

(a−D)2 − α

rp
ln(

rp
|α|

)(a−D)2 + (a2 −D2) = 0 (3.41)

2rp −
2M

r2
p

(a−D)2 +
2Q2

r3
p

(a−D)2 +
α

r2
p

ln(
rp
|α|

)(a−D)2 − α

r2
p

(a−D)2 = 0 . (3.42)

Solving for D from eq.(3.42), we get

D = a∓
√

2r5
p

2Mr2
p − 2Q2rp − αr2

pln( rp|α|) + αr2
p

. (3.43)
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Here the signs ∓ corresponds to counter rotating (-) and co-rotating (+) orbits around the black

hole. Substituting the expression for D in eq.(3.41), we obtain the equation useful for determining

the radius of the photon orbits

6Mr3
p−4Q2r2

p−3αr3
p ln
( rp
|α|

)
+αr3

p−2r4
p±2a

√
2r4

p

(
2Mrp − 2Q2 − αrp ln

( rp
|α|

)
+ αrp

)
= 0 . (3.44)

The ± signs denote the counter rotating and the co-rotating photon orbits. Tables (3.3) and (3.4)

show the photon sphere radius (rp) with the variation in spin (a), charge (Q) and the PFDM pa-

rameter (α). Here rp1 and rp2 correspond to the co-rotating and counter rotating photon sphere

radius.

Since the black hole horizon shows different behaviour in different regime of PFDM parameter α, so

we have analysed the different geodesics and the corresponding characteristics of the particles in two

separate regime. One is the lower regime of α (α < αc) whereas, the other is the higher regime of α

(α > αc).

From the above Table(s) (3.3),(3.4), it is clear that for the lower regime, that is for α < αc, the photon

radius corresponding to both the co-rotating (rp1) and the counter-rotating (rp2) orbits decreases with

increment in the PFDM parameter. On the other hand, in the higher regime where α > αc, increment

in α increases the photon radius as is evident from the variation in the outer event horizon radius

(rh+).

Also, with increase in the black hole spin a, the radius of the counter rotating orbits (rp2) increases

while that of the co-rotating orbits (rp1) decreases for both regime of α (α > αc and α < αc). The

presence of the charge (Q) also affects the radius of the photon sphere as can be observed from the

Tables (3.3), (3.4). With increase in the black hole charge (Q), the photon sphere radius decreases

both for co-rotating (rp2) and counter rotating (rp1) orbits considering α=0.2 (α < αc) and α=1.0

(α > αc). Besides we also find that the radius of counter rotating orbits (rp2) are larger than the

co-rotating orbits (rp1) of the photons moving around the black hole. Thus the corotating photons

lie closer to the black hole.

3.4.2 Time-like geodesics and the calculation of energy (E) and angular momentum

(L) for massive particles

In this section, we consider massive particles which are subject to the condition δ = −1. This

modifies the radial equation (3.37) into the form

ṙ2 =
[
E2 +

2M

r3
(aE − L)2 − Q2

r4
(aE − L)2 − α

r3
ln
( r

|α|

)
+

1

r2
(a2E2 − L2)

]
− ∆

r2
≡ F̃ (r) . (3.45)

For the trivial case, L = aE, the radial equation simplifies to the form

dr

dτ
=
(
E2 − ∆

r2

) 1
2
. (3.46)

So the proper time τ can be evaluated as

τ =

∫ (
E2 − ∆

r2

)− 1
2
dr . (3.47)
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For elaborate discussion and analysis, we consider the general case (L 6= aE). We wish to calculate

the energy (E) and the angular momentum (L) of the particle and show it’s variation with PFDM

parameter α. In this case, we proceed by assuming x = L − aE and rewrite the above equation in

terms of x and E. The conditions for circular orbits are F̃ (r) = F̃ ′(r) = 0 [193]. Using them we get

F̃ (r) = x2
(
a2 −∆

)
+ r4E2 − 2aEr2x−∆r2 = 0 (3.48)

F̃ ′(r) = 4r3E2 − 4aErx− 2∆r −∆
′
(r2 + x2) = 0 . (3.49)

The expression for E is obtained by eliminating E2 from eq.(s)(3.48), (3.49) as

E =
1

r2ax

[(
a2 −∆ +

r∆
′

4

)
x2 +

(∆
′

4
r3 − ∆

2
r2
)]

. (3.50)

On replacing E from eq.(3.50) in eq.(3.48), we get an equation in x as2

[
4
(

∆− a2 − r∆
′

4

)2

− 4a2
(
a2 −∆ +

r∆
′

2

)]
x4 +

[(
4a2 − 4∆ + r∆

′
)

×
(r3∆

′

2
− r2∆

)
− 2r3a2∆

′
]
x2 +

[
r2∆− r3∆

′

2

]2

= 0 . (3.51)

The equation is quadratic in x2 with the discriminant

∆D = 16a2∆2r4
[
a2 −∆ +

r∆
′

2

]
. (3.52)

Now we can factorize the coefficient of x4 as

4
(

∆− a2 − r∆
′

4

)2

− 4a2
(
a2 −∆ +

r∆
′

2

)
= F+F− (3.53)

where

F± = 2
(

∆− a2 − r∆
′

4

)
± 2a

√(
a2 −∆ +

r∆′

2

)
. (3.54)

Rewriting F− ≡ F∓ and F+ ≡ F± the expression for x2 takes the form

x2 =

−
[(

4a2 − 4∆ + r∆
′
)
×
(
r3∆

′

2
− r2∆

)
− 2r3a2∆

′
]
± 4a∆r2

√[
a2 −∆ + r∆′

2

]
F∓F±

. (3.55)

The presence of ± sign makes it hard to simplify the expression for x2. The simplified solution for

x2 becomes [156]

x2 = r2

(
K ±F∓

)
F±F∓

F± = r2

(
∆−F∓

)
F∓

; K = ∆ . (3.56)

2The calculation is shown in Appendix B
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The solution for x becomes

x = ± r√
F∓

[
a±

√
a2 −∆ +

r∆′

2

]
. (3.57)

Replacing the values of x, the expression for energy becomes

E =
1√
F∓r

[
∆− a

(
a±

√
a2 −∆ +

r∆′

2

)]
(3.58)

and that of angular momentum becomes

L =
1√
F∓r

[
a

(
∆− a2 − r2

)
∓
(
r2 + a2

)√
a2 −∆ +

r∆′

2

]
. (3.59)

3.4.3 Graphical representation and observation

The plots of the above expressions for energy (E) and angular momentum (L) with respect to the

radial distance (r) gives an idea about the possibility of existence of orbits of massive particles around

the black hole. The study also gives an idea about the spacetime structure around the black hole.

Also, in our case it helps us to get an insight about the impact of the surrounding dark matter on

the geodesics.

α=0.1
α=0.2
α=0.3
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(d) a=0.5, α = 0.2

Figure 3.1: Graphical representation of energy E of particles moving along co-rotating orbits.

In Fig.(3.1) we have graphically presented the energy of a co-rotating particle. We find that the

energy (E) of the co-rotating particle falls with distance (r) from the black hole. Also the energy
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approaches unity which is the energy of a particle of unit mass as observed by a stationary observer

at infinity.

The effect of the dark matter (α) is found to be similar for both lower values (α < αc) and higher

values (α > αc) of α as evident from Fig.(3.1). In both cases, we observe that the energy of the

particle increases with increase in the value of the PFDM parameter α.

From Fig.(3.1) it is clear that since the co-rotating particle is near the black hole, the spin (a) of

the black hole assists it’s motion via dragging. Hence the energy of the particle increases but with

increasing distance the dragging effect reduces thereby decreasing the energy of the particle.

Again, for a fixed value of spin a and PFDM parameter α, increment in charge (Q) results in decrease

in the energy of the particle. The possible explanation for such an observation can be that the mass

of the black hole reduces with increase in black hole charge Q. Thus the energy of the black hole

decreases which results in a decrease in the rotational energy of the particles.
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Figure 3.2: Graphical representation of energy E of particles moving along counter rotating orbits with varying PFDM
parameter α.

In Fig.(3.2), we represent the variation of energy (E) of the counter-rotating particle with distance (r)

from the black hole. Similar to the co-rotating case, here too the energy E of the particle approaches

unity. As the particle moves opposite to the black hole spin, so the motion of the black hole hinders

the particle motion. Hence the particle has lesser energy when it is closer to the black hole.

In this case, the effect of dark matter (α) is similar for both lower (α < αc) and higher values

(α > αc). In both cases increment in α increases the energy of the particle which is similar to that

observed in the co-rotating case. This has been shown in Fig.(3.2).
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Figure 3.3: Graphical representation of energy E of particles moving along counter rotating orbits with varying spin
a.
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The increment in black hole spin (a) for a fixed value of α decreases the energy of the particle as is

evident from Fig.(3.3). This observation can be explained by the fact that with increase in spin a of

the black hole, the rotational kinectic energy of the black hole increases resulting in the decrease in

the energy of the particles in order to keep the total energy fixed.
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Figure 3.4: Graphical representation of angular momentum L of particles moving along co-rotating orbits.
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Figure 3.5: Graphical representation of angular momentum L of particles moving along counter rotating orbits.

The plots of the angular momentum present a completely different picture with respect to the different

range of the PFDM parameter α.

Fig.(3.4) graphically represents the angular momentum L of the particles moving in prograde (co-

rotating) orbits. The plots show that for smaller values of α (α < αc), increase in α decreases the

angular momentum whereas the reverse is observed in case of the higher values of α (α > αc).

The angular momentum of the particles in the retrograde (counter-rotating) orbits are negative since

they move opposite to the direction of rotation of the black hole as shown in Fig.(3.5). It can be

observed that for α < αc, the increment in the value of α reduces the angular momentum of the

massive test particle. However, for α > αc, it increases the angular momentum.

3.4.4 Geodesics of charged particle

After studying the geodesics of massless and uncharged massive particles, we move our attention

to the study of geodesics of charged massive particles. Incorporating the interactions of the gauge
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fields, the Hamiltonian of the charged particle takes the form[194]

2H = gµν
(
pµ + qAµ

)(
pν + qAν

)
= ε = −1 (3.60)

with the electromagnetic potential for rotating charged black hole coupled to PFDM given by [195]

A = Aµdx
µ =

Qr

ρ2

(
dt− a sin2 θdφ

)
. (3.61)

Using the transformation relation H = pµẋ
µ − L, we obtain the Lagrangian of the massive charged

particle as

L =
1

2
gµν ẋ

µẋν − qAµẋµ (3.62)

where q denotes the charge of the particle. We consider the charged particle of unit mass m = 1.

For the sake of simplicity, using the symmetry of the metric we compute the conserved quantities

E and L which have same physical meaning as mentioned previously. Also since we are interested

in the equatorial geodesics, we impose θ = π
2

implying θ̇ = 0 which leads to following the geodesic

equations

ṫ =
1

r2

[
r2 + a2

∆

((
E − qQ

r

)(
r2 + a2

)
− a
(
L− qaQ

r

))
+ a

((
L− qaQ

r

)
− a
(
E − qQ

r

))]
(3.63)

φ̇ =
1

r2

[
a

∆

((
E − qQ

r

)
(r2 + a2)− a

(
L− qaQ

r

))
+

((
L− qaQ

r

)
− a
(
E − qQ

r

))]
(3.64)

ṙ2 = −∆

r2
+

(
E − qQ

r

)2

r4

[(
r2 + a2

)2

− a2∆

]
− 2a

r4

(
r2 + a2 −∆

)(
E − qQ

r

)(
L− qaQ

r

)
− 1

r4

(
∆− a2

)(
L− qaQ

r

)2

. (3.65)

In order to determine the circular orbits, we use the conditions F̄ (r) = F̄ ′(r) = 0 with F̄ (r) given as

F̄ (r) = −∆

r2
+

(
E − qQ

r

)2

r4

[(
r2 + a2

)2

− a2∆

]
− 2a

r4

(
r2 + a2 −∆

)(
E − qQ

r

)(
L− qaQ

r

)
− 1

r4

(
∆− a2

)(
L− qaQ

r

)2

. (3.66)

It is difficult to obtain an exact solution for E and L from the above conditions. We can approach the

problem by assuming q
m
� 1 (particle with small specific charge) and incorporating Taylor expansion

about q
m

= 0 [196] we find E and L to be

E(q) = E(0) + qE ′(0) +O(q2) + ... (3.67)

L(q) = L(0) + qL′(0) +O(q2) + ... . (3.68)
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The approximate solutions of E and L satisfy the condition of circular orbits given as F̄ (r) = F̄ ′(r) =

0. We display the plots in Fig.(s) 3.6 - 3.9.
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Figure 3.6: Graphical representation of energy and angular momentum of co-rotating charged particles with
α=0.2, Q=0.3 and a=0.5.
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Figure 3.7: Graphical representation of energy and angular momentum of counter rotating charged particles
with α=0.2, Q=0.3 and a=0.5.
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Figure 3.8: Graphical representation of energy and angular momentum of co-rotating charged particles with
α=1.0, Q=0.3 and a=0.5.

From Fig(s).(3.6), (3.7), (3.8) and (3.9) we observe that both for α < αc and α > αc, the increment

in charge q of the particle from 0.0 to 0.3, decreases the energy (E) of co-rotating particles whereas

there is an increase in the energy (E) for counter rotating particles. Also, we find that in both cases

the energy of the charged particle tend towards unity.

Again, we observe that for α = 0.2 the angular momentum (L) both for co-rotating and counter

rotating particles increase with increase in charge q of the particle. However, for α = 1.0 we find that

with increase in the value of charge q, angular momentum (L) for co-rotating and counter rotating

particles decreases.
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Figure 3.9: Graphical representation of energy and angular momentum of counter rotating charged particles
with α=1.0, Q=0.3 and a=0.5.

The above observation depict that the particle’s charge q responses quite differently depending on

the value of PFDM parameter α. Also it implies that the particle with more charge (q) is hindered

more if the dark matter intensity increases.

3.5 Nature of the effective potential

Here, we study the effective potential which results in both stable and unstable orbits depending

upon the condition
∂2Veff
∂r2

> 0 or
∂2Veff
∂r2

< 0 respectively. The stable and unstable orbits correspond

to the local minima and maxima of the effective potential which we obtain from the radial geodesic

equation. The potential depends on the following parameters, the charge of the black hole (Q), spin

parameter (a), the perfect fluid dark matter parameter α and on the charge of the particle (q).

The effective potential in case of the massive particles obtained from the corresponding radial geodesic

equation eq.(3.45) reads

ṙ2 + Veff = E2 (3.69)

where the effective potential Veff is given by

Veff = −2M

r3
(aE − L)2 +

Q2

r4
(aE − L)2 +

α

r3
ln
( r

|α|

)
− 1

r2
(a2E2 − L2) +

∆

r2
. (3.70)

For circular geodesics, we impose the condition for a circular trajectory of constant radius r that is

ṙ = 0. In case of photons, the effective potential eq.(3.38) takes the form

Veff = −2M

r3
(aE − L)2 +

Q2

r4
(aE − L)2 +

α

r3
ln
( r

|α|

)
− 1

r2
(a2E2 − L2) . (3.71)

Also for massive particles with charge q, the effective potential takes the following form

Veff = E2 +
(∆− a2)

(
L− aqQ

r

)2

r4
+

2a (a2 −∆ + r2)
(
E − qQ

r

) (
L− aqQ

r

)
r4

−

(
(a2 + r2)

2 − a2∆
) (
E − qQ

r

)
r4

+
∆

r2
. (3.72)

In the trivial case when L = aE, the radial equations and effective potentials become
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ṙmassive = ±
√
E2 − ∆

r2
; ṙnull = ±E (3.73)

Vmassive =
∆

r2
; Vnull = 0 . (3.74)

In Fig.(3.10), we graphically show the plots of the effective potential for null geodesics and the

corresponding ones for timelike geodesics in Fig.(3.11).
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Figure 3.10: Plots of effective potential for null geodesics with variation in a, Q, L and α.

In Fig.(s)(3.10) and (3.11), we find that the effective potential for both null and timelike geodesics,

increases with an increase in the value of PFDM parameter α for the lower regime α < αc. However

for the higher regime, that is α > αc the effective potential decreases with increase in the PFDM
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parameter α.
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Figure 3.11: Plots of effective potential for timelike geodesics with variation in a, Q, L and α.

Also, we observe that the potential increases with increase in the black hole spin (a) and charge (Q)

both for α < αc and α > αc. This has been observed for effective potential (Veff ) corresponding to

both null and timelike geodesics.

Besides we also observe that in both cases, with increase in angular momentum (L) of the particle,

the effective potential rises in both cases (α < αc and α > αc) and the maxima shifts towards larger

radial distance r.

3.6 Penrose process

Black hole is a vessel of extreme amount of energy. There are many theorised processes that are

responsible to gain energy (extract energy) from the black hole. One of them is the Penrose process
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named after Roger Penrose who proposed the mechanism in [75]. In case of a rotating black hole

a region gets created between the outer event horizon (grr = 0) and the stationary limit surface

(gtt = 0). These two surfaces meet at the poles and have largest separation in the equatorial plane.

This varying annular region is known as the ergosphere. In case of static black hole this region

vanishes. The speciality of this region is that the Killing vector ∂
∂t

which has a unit norm as observed

by a stationary observer at infinity becomes spacelike within the region. The symmetry of the metric

along with the change in the said Killing vector results in energy conservation and hence the energy

in this region can be negative. This fact can be utilised to extract energy from the black hole.

3.6.1 Extraction of black hole energy and efficiency of Penrose process

Let an uncharged massive particle (uncharged) with positive energy fall into this ergoregion and

split into two particle, one with positive energy and the other with negative energy. The negative

energy particle is absorbed by the black hole and that with positive energy comes out of the black

hole having relatively greater energy than the particle that entered the black hole, thus resulting in

energy gain (effective energy extraction).

r

A

C

D

EF BO

E0, L0

E1, L
1

E2, L
2

Figure 3.12: Diagrammatic representation of the Penrose process.

The condition of negative energy of the particle can be found using the condition for circular orbits

[193]. The radial equation with ṙ = 0 results in

E2
[(
r2 + a2

)2

− a2∆
]
− E

[
2aL

(
r2 + a2 −∆

)
+ L2

(
a2 −∆

)
+ ∆r2δ

]
= 0 (3.75)

which can be solved for both E and L as given by

E =
aL
(
r2 + a2 −∆

)
± r
√

∆
[
r2L2 − δ

((
r2 + a2

)2

− a2∆
)]

(
r2 + a2

)2

− a2∆
(3.76)

L =

aE
(
r2 + a2 −∆

)
± r
√

∆
[
r2E2 + δ

(
∆− a2

)]
(
a2 −∆

) . (3.77)
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If we assume positive sign in eq.(3.76) along with the condition

a2L2
(
r2 + a2 −∆

)2

> ∆r2
[
r2L2 − δ

((
r2 + a2

)2

− a2∆
)]

(3.78)

and L < 0, then E < 0, i.e., particle with negative energy is possible. This tells us that E < 0 is

possible only if L < 0 which is the case for counter rotating orbits. The negative energy particle

following counter rotating orbits must lie within the ergoregion. The expression for the negative

energy particles take the form

E =
aL
(
r2 + a2 −∆

)
− r
√

∆
[
r2L2 − δ

((
r2 + a2

)2

− a2∆
)]

(
r2 + a2

)2

− a2∆
. (3.79)

The plots for negative energy with the variation in different parameters are shown in Fig.3.13.

In order to discuss the Penrose process in detail, we must start by considering a massive uncharged

particle of energy E0 entering the ergosphere and let, it breaks down into two photons with energies

E1 and E2. Let the angular momentum of the particles be L0 (entering), L1 (leaving) and L2

(captured). Also let the energy of the particle entering the ergosphere be E0 = 1. Hence the angular

momentum of the particles are

L0 =

a
(
r2 + a2 −∆

)
+ r

√
∆
[
r2 −

(
∆− a2

)]
(
a2 −∆

) ; δ = −1 (3.80)

L1 =

aE1

(
r2 + a2 −∆

)
+ r

√
∆
(
r2E2

1

)
(
a2 −∆

) = b1E1 (3.81)

L2 =

aE2

(
r2 + a2 −∆

)
− r
√

∆
(
r2E2

2

)
(
a2 −∆

) = b2E2 (3.82)

where

b1 =
a
(
r2 + a2 −∆

)
+ r2
√

∆(
a2 −∆

) ; b2 =
a
(
r2 + a2 −∆

)
− r2
√

∆(
a2 −∆

) . (3.83)

By the conservation of energy and angular momentum we get

E0 = E1 + E2 = 1 ; L0 = b1E1 + b2E2 . (3.84)

Solving for E1 and E2 we obtain

E1 =
1

2

[
1 +

√
r2 + a2 −∆

r2

]
(3.85)
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E2 =
1

2

[
1−

√
r2 + a2 −∆

r2

]
(3.86)

where E1 and E2 corresponds to the positive and negative energies of the two particles. Thus the

particle with energy E2 is captured by the black hole while that with energy E1 comes out of the

black hole resulting in an energy gain of

∆E = E1 − 1 = −E2

=
1

2

[√
r2 + a2 −∆

r2
− 1

]

=
1

2

[√√√√2Mr −Q2 − αr ln
(

r
|α|

)
r2

− 1

]
. (3.87)

In the limit a→ 0, the ergosphere vanishes and the region of ergosphere corresponds to event horizon

with radius rh+ and hence ∆ = 0 and we get energy gain ∆E = 0, E1 = 1 and E2 = 0 and thus no

particle with negative energy exists. Fig.(3.14) shows the plots of energy gain ∆E from the black

hole.
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Figure 3.13: Plots for negative energy (En < 0) of a particle with variation in L and α.

Fig.(3.13) shows that the negative energy increases with increment in α both for α < αc and α > αc.

However the change is less prominent for higher α values.

The increase in charge Q and the negative angular momentum (L < 0) increases the negative energy
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of the particle quite significantly. This results in higher negative energy of the particle absorbed by

the black hole and effectively leads to higher energy gain from the black hole.

The energy gain from the black hole via., the Penrose process is astrophysically very important and

significant. Also more the negative energy absorbed by the black hole more is the gain in positive

energy via Penrose process due to energy conservation. The plots of energy gain in Fig.(3.14) shows

us the impact of different black hole parameters energy gain from the black hole.
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Figure 3.14: Plots showing energy gain from the black hole with variation in a, Q and α.

We find that energy gain increases with increase in the PFDM parameter α both for α < αc and

α > αc. The increment is more significant for lower range values of PFDM parameter α.

With increase in charge (Q) of the black hole, energy gain (∆E) decreases for α < αc. The reason

being the size of the ergosphere decreases with increase in charge Q as well as α < αc.

3.7 Summary

In this work, we obtain a static, charged black hole solution surrounded by perfect fluid dark matter

(PFDM). Then, we incorporated the Newman-Janis algorithm and derived the metric corresponding

to a rotating, charged black hole surrounded by perfect fluid dark matter. Then we thoroughly

studied the black hole spacetime in detail. We found that the event horizon radius of the black

hole is greatly affected by the PFDM parameter α. We observe that there exists a certain value αc

(for fixed spin a and charge Q) upto which the outer event horizon radius (rh+) decreases with the

increase in the value of α. However, after αc, we notice that rh+ starts to increase monotonically. On

61



the basis of this critical value, we define two range of values for α. Such a unique observation can be

a result of the fact that the dark matter contributes to the effective mass of the black hole system.

We then studied the null geodesics where we computed the radius of photon sphere both for prograde

and retrograde orbits. We found that with increment in PFDM parameter α, the photon radius

decreases for α < αc and increases for α < αc. Besides we also found that increment in the value of

spin parameter (a) increases the radius of photon orbits.

Then we observed the energy (E) and angular momentum (L) for massive particles traversing along

prograde and retrograde orbits. The energy (E) of the particle in prograde orbits decreases whereas

that of retrograde orbits increases with increase in the radial distance (r) from the black hole and

gets close to unity as the particle approaches infinity. The increment in the values of α and spin (a)

increases the energy of the particle considerably for the prograde orbits. On the other hand in case

of retrograde orbits, the energy (E) increases with the increase in α but falls with the increasing

value of the spin (a). This is because when the particle spins along the black hole, the black hole

helps its motion whereas in the reverse case it opposes.

The most important observation is in the case of angular momentum of the particle which decreases

with increase in value of α for α < αc and increases for α > αc for both types of orbits. Also we

observe that with increase in the spin (a) of the black hole, the angular momentum (L) of the particle

increases for co-rotating particles both for α < αc and α > αc. But for counter-rotating particles,

the angular momentum (L) rises for α < αc while it reduces for α > αc. We found that with the

increase in the charge (Q) of the black hole, the angular momentum (L) of the particle decreases.

Then we studied the energy E and angular momentum L of the charged particles with the variation

in the charge (q) of the particle. We found that with increment in particle’s charge (q), the energy

falls in case of prograde orbits and increases in case of retrograde orbits. Besides we observe that

angular momentum (L) increases with increase in q for α < αc and falls for α > αc.

After that we studied the effective potential (Veff ) of the black hole as encountered by photons and

massive particles. We found that Veff increases with increase in spin (a) and charge (Q) of the black

hole as also with angular momentum (L) of the particle. The change is quite sharp with the change

in the angular momentum (L). Also with increment in α (where α < αc), the potential increases

whereas for α > αc, it decreases slightly. The potential of the black hole for the charged particle is

analysed with variation in q and we found that potential increases with increase in the charge from

−0.3 to 0.3.

Finally, we studied the Penrose process. The negative energy particles are very important and

are indirectly resposnible for the energy gain from black hole. We observed that negative energy

considerably increases with increase in negative angular momentum (counter-rotating particle) and

also with increase in the charge (Q) of the black hole. The effect of dark matter on the negative

energy is less pronounced even though negative energy slightly increases. More the negative energy

absorbed by the black hole, more is the gain, and we found that the energy gain via Penrose process

increases due to the presence of dark matter in the system. We also observed that more the black

hole charge (Q), less is the energy gain (extraction of energy) and hence less efficient is the Penrose

process.
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Chapter 4

Rotating charged black hole in presence

of perfect fluid dark matter immersed in

plasma

In this chapter we plan to study geodesics around black holes surrounded by PFDM in presence of

a plasma background. The black hole studied in the previous chapter has been considered here with

an additional material media. The consideration is quite natural since the universe is filled with

99% of plasma [100]. Besides we also explained in the introduction of this thesis that rupture of

massive companion stars around black holes can produce accretion disks having huge energy and

temperature [102]. The material in such disks is of plasmic nature. We will basically focus on the

study of null geodesics. Again the radius of photon orbits (rp1 and rp2) have been calculated and

its dependence on plasma has been found [157]. Besides we also study the shadow of black hole

using the null geodesics and the methodologies developed and discussed earlier. Study of black hole

shadows considering plasma has been conducted in [105],[135]-[143]. We aim to study black hole

shadow considering radial power law distribution of plasma as well as having radial and angular

dependence. Also we wish to consider cases of both homogeneous [197] and inhomogeneous plasma

[106]. We also constrain the PFDM and plasma parameter using the observational results of M87∗

supermassive black hole [9]. We work in geometric units, where we consider c = G = 1. Apart from

the discussion and analysis, all our mathematical calculations and results are obtained using M = 1.

This chapter is based on our work in [157].

4.1 Black hole spacetime in perfect fluid dark matter

The rotating version of the solution has the form [156]

ds2 = − 1

ζ2

(
∆− a2 sin2 θ

)
dt2 +

ζ2

∆
dr2 + ζ2dθ2 − 2a sin2 θ

ζ2

[
r2 + a2 −∆

]
dtdφ

+ sin2 θ
[
r2 + a2 +

a2 sin2 θ

ζ2

(
r2 + a2 −∆

)]
dφ2 (4.1)
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with

∆ = r2 + a2 − 2Mr +Q2 + χr ln
( r

|χ|

)
, ζ2 = r2 + a2 cos2 θ . (4.2)

In this work we have used χ in place of α since we have designated the celestial coordinates by (α, β).

The black hole event horizon is obtained using the condition ∆ = 0. After studying the spacetime,

we find that the black hole has two horizons. One of the horizons is close to r = 0 but not at r = 0

which can be observed from the plots. The other horizon is close to r = 1.5, where we have set

M = 1. The presence of PFDM does not increase the number of horizons of the black hole. Yet it

does modify the location of the horizon surface. The detailed analysis of the spacetime geometry has

been discussed in the previous chapter.

4.2 Black hole immersed in plasma

Here we consider a rotating charged black hole surrounded by PFDM immersed in a plasma back-

ground. We neglect any interaction between PFDM and plasma. The consideration of plasma is

realistic, since most black holes are surrounded by material media as mentioned earlier. Plasma is

a dispersive medium where light rays deviate depending on their frequency. The Hamiltonian of the

light rays in such a background can be written as [105], [135]

H(xµ, pµ) =
1

2

[
gµνpµpν + ω2

p

]
(4.3)

where ωp denotes the plasma frequency which can be a function of both r and θ in general. For most

part of our analysis in this chapter, we consider only r dependence for simplicity. The refractive index

(n) of the material medium depends on the plasma frequency (ωp) and the frequency of photons (ω)

measured by a static observer. The expression of n(r, ω) takes the form [104]

n2(r, ω) = 1−
(ωp(r)

ω

)2

. (4.4)

As the observation is performed by a static observer, hence the energy of the photons become

~ω = −p0u
0 = −p0

√
−g00 [104]. Replacing the expression of n and photon energy from above in

eq.(4.3), the Hamiltonian becomes

H(xµ, pµ) =
1

2

[
gµνpµpν − (n2 − 1)

(
p0

√
−g00

)2]
. (4.5)

To evaluate the geodesics, we need an explicit form for the plasma frequency ωp. For simplified

analytical calculations, we consider ωp to be a function r only as mentioned earlier. Here we assume

an extensively studied distribution in the literature, the radial power law distribution, with ωp given

as [104]

ω2
p =

4πe2N(r)

me

(4.6)

where e gives the electronic charge, me gives the mass of the electron and N(r) being the plasma
number density. The plasma density following [103], [104] has the form

N(r) = N0

(r0

r

)h
(4.7)
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where N0 and r0 are constants and h can take integer values with h ≥ 0. The final form of the

refractive index n(r) along with ωp
ω

becomes

(ωp
ω

)2

=
k

rh
; n(r) =

√
1− k

rh
. (4.8)

Here k is a constant which gives the weightage of plasma around the black hole, also h = 1,2,3

[104]. In this work, we shall consider h = 0 corresponding to n(r) =constant and designated as the

homogeneous plasma media and h = 1 corresponding to inhomogeneous plasma distribution.

Also we consider a case where the plasma frequency ωp(r, θ) is dependent on both r and θ such that

[105]

ωp(r, θ)
2 =

fr(r) + fθ(θ)

r2 + a2 cos2 θ
. (4.9)

We have carried out the shadow analysis considering this general case in the subsequent discussion.

4.3 Circular null geodesics in plasma

The photons propagating along null geodesics can either move in the direction of black hole’s rotation

(co-rotating photons) or in the opposite direction (counter rotating photons). In this section we

want to determine the radius of the photon orbits. In order to so, we need to determine the radial

geodesic equation and impose the condition for circular geodesics. To fulfill our target, we first need

a Hamiltonian (H) which will be needful to determine the trajectories of photons moving in the

equatorial plane. The Hamiltonian given in eq.(4.5) takes the form

H =
1

2

[
gµνpµpν + (n2 − 1)g00p2

0

]
(4.10)

with H = 0 for photons. As we are interested in the geodesics constrained to the equatorial plane so

we set θ = π
2

which gives the geodesic along θ as θ̇ = 0.

The rest of the geodesics can be calculated using Hamilton’s equation of motion

ẋµ =
∂H
∂pµ

; ṗµ = − ∂H
∂xµ

. (4.11)

The Hamiltonian depends on the metric (gµν) as well as on the refractive index of plasma (n(r)).

The metric does not explicitly depend on x0(= t) and x3(= φ). Thus utilising Hamilton’s second

equation of motion we obtain the constants p0 = −E and p3 = Lφ. E and Lφ respectively give the

energy and angular momentum of the photon as measured by a stationary observer at infinity. The

geodesics corresponding to t and φ take the form [157]

r2ṫ =
r2 + a2

∆

[
n2(r2 + a2)E − aLφ

]
+ a
[
Lφ − an2E

]
(4.12)

r2φ̇ =
a

∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ − aE

]
. (4.13)

To determine the geodesic along r, we use a Lagrangian of the form L = 1
2
gµν ẋ

µẋν . The Lagrangian
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can be used to obtain the momentum along r as pr = ∂L
∂ṙ

= ∂S
∂r

= grrṙ
2. Since there is no proper time

in case of light rays, so we parametrize them using an affine parameter λ. With the above equations

in hand, we get the radial geodesic as

ṙ2 =
1

r4

[(
E(r2 + a2)− aLφ

)2

−∆(aE − Lφ)2 + (n2 − 1)
(
E2(r2 + a2)2 −∆E2a2

)]
. (4.14)

In order to obtain the circular co-rotating and counter rotating null orbits discussed above, we define

the impact parameter as
Lφ
E

= D. The radial eq.(4.14) in terms of D gets modified to[157]

ṙ2 =
E2

r4

[(
(r2 + a2)− aD

)2

−∆(a−D)2 + (n2 − 1)
(

(r2 + a2)2 −∆a2
)]

. (4.15)

Rearranging eq.(4.15), we have

r2ṙ2

E2
=

1

r2

[(
(r2 + a2)− aD

)2

−∆(a−D)2 + (n2 − 1)
(

(r2 + a2)2 −∆a2
)]

= F (r) . (4.16)

The condition for circular geodesics is F (r) = 0 = F ′(r). Using them, we obtain the constraint
equations

r2+(a2−D2)+
2M

r
(a−D)2−Q

2

r2
(a−D)2− χ

r
(a−D)2 ln

( r

|χ|

)
+(n2−1)

(
r2+a2+a2

(2M

r
−Q

2

r2
− χ
r

ln
( r

|χ|

)))
= 0 .

(4.17)

2r − 2M

r2
(a−D)2 +

2Q2

r3
(a−D)2 +

χ

r2
(a−D)2 ln(

r

|χ|
)− χ

r2
(a−D)2 +

(n2 − 1)
(

2r − a2
(2M

r2
− 2Q2

r3
− χ

r2
ln(

r

|χ|
) +

χ

r2

))
+ 2nn′

(
r2 + a2 + a2

(2M

r
− Q2

r2
− χ

r
ln
( r

|χ|

)))
= 0 (4.18)

where, n
′ ≡ dn

dr
. Solving eq.(4.18) for (a−D), we have

(a−D) = ±

√√√√2r5 + (n2 − 1)
[
2r5 − a2

(
2Mr2 − 2Q2r − χr2 ln( r

|χ| ) + χr2
)]

+ 2nn′
[
r4(r2 + a2) + a2

(
2Mr3 −Q2r2 − χr3 ln( r

|χ| )
)]

2Mr2 − 2Q2r − χr2 ln( r
|χ| ) + χr2

.(4.19)

Thus the impact parameter becomes [157]

D = a∓

√√√√2r5 + (n2 − 1)
[
2r5 − a2

(
2Mr2 − 2Q2r − χr2 ln( r

|χ| ) + χr2
)]

+ 2nn′
[
r4(r2 + a2) + a2

(
2Mr3 −Q2r2 − χr3 ln( r

|χ| )
)]

2Mr2 − 2Q2r − χr2 ln( r
|χ| ) + χr2

.(4.20)

The ∓ sign corresponds to counter and co-rotating geodesics of photons moving in the black hole

spacetime. In case of non-plasmic background, that is, n = 1, n′ = 0 we get [156]

D = a∓
√

2r5

2Mr2 − 2Q2r − χr2 ln( r
|χ|) + χr2

(4.21)

which corresponds to the expression obtained in the previous chapter.

Replacing D from eq.(4.20) in eq.(4.17) we get an equation in r which depends only on the spacetime

parameters (M , Q, χ, n). The equation is independent of E and Lφ The solution of the equation
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(which is complicated and not shown) gives the photon orbit radius (rp) both for co-rotating (rp1)

and counter rotating (rp2) orbits. Table(s) 4.1 and 4.2 tabulate the values of the photon orbit radius

both for co-rotating and counter rotating orbits with different values of plasma parameter (k). We

obtain the Table(s) below by setting M to unity.

χ =0.2

k rp1
0.0 1.645

0.2 1.480

0.27 1.381

χ =1.0

k rp1
0.0 1.742

0.2 1.632

0.38 1.418

χ =0.2

k rp1
0.0 1.645

0.2 1.507

0.31 1.385

χ =1.0

k rp1
0.0 1.742

0.2 1.632

0.4 1.492

Table 4.1: Tabular representation of co-rotating photon orbit radius rp1 around black hole with spin a=0.5 and charge Q=0.3.
The first two are for homogeneous plasma and the next two for inhomogeneous plasma.

Table 4.1 represents the values of the circular photon orbit radius for a ste of values of plasma

parameter k. The table shows that an increase in the plasma parameter k decreases the radius of

co-rotating photon orbits rp1 both for homogeneous and inhomogeneous radial plasma ditribution.

Besides the radius of co-rotating orbits have smaller values implying their existence closer to the

black hole. The effect of plasma parameter k on the radius of the orbits remains identical for both

lower (χ < χc) and higher (χ > χc) regimes of PFDM parameter χ. The critical value of the PFDM

parameter for spin a = 0.5 and charge Q = 0.3 is χc = 0.467. Again our investigation revealed that

the photon orbits do not exist for all possible values of the plasma parameter k. After a certain

critical value of plasma parameter k ≥ kc, the radius of the photon orbit goes well below the event

horizon radius (rh+) and thereby has no physical meaning and hence do not exist. Thus there is a

bound to the value of k depending on certain combinations of the black hole parameters (M , Q, χ).

χ =0.2

k rp2
0.0 2.782

0.2 2.825

0.4 2.886

χ =1.0

k rp2
0.0 2.608

0.2 2.640

0.4 2.685

χ =0.2

k rp2
0.0 2.782

0.2 2.761

0.4 2.737

χ =1.0

k rp2
0.0 2.608

0.2 2.587

0.4 2.564

Table 4.2: Tabular representation of counter rotating photon orbit radius rp2 around black hole with spin a=0.5 and charge
Q=0.3. The first two are for homogeneous plasma and the next two for inhomogeneous plasma.

On the other hand, Table 4.2 shows that an increase in plasma parameter k increases the radius

of counter rotating photon orbits rp2 in case of homogenous radial plasma distribution whereas it

decreases in case of inhomogenous distribution. The effect of plasma parameter k on the photon

orbit radius remains same both for χ < χc and χ > χc. In this case also, we find that the photon

orbits exist only upto a certain critical value of the plasma parameter k.

4.4 Black hole shadow

In this section, we wish to calculate the black hole shadow for various plasma distribution. Shadows

of black holes are formed due to bending of light rays which traverse through regions of strong gravity.

More specifically, when light from a distant source comes near a black hole, the rays get deflected.

The deflected rays after encircling the black hole either plunges into the black hole or escapes to
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infinity. The light rays from unstable circular orbits which reaches the observer at infinity forms the

circular or deformed circular boundary curve. The dark disk inside the curve is called the black hole

shadow. The shadow is formed in the celestial plane characterised by the celestial coordinates α and

β. They are defined for an observer stationed at infinity as

α = lim
r0→∞

−r2
0 sin θ0

(dφ
dr

)∣∣∣∣∣
r0,θ0

(4.22)

β = lim
r0→∞

r2
0

(dθ
dr

)∣∣∣∣∣
r0,θ0

(4.23)

where the position of the observer is represented by the coordinates r0 and θ0. Here, r0 gives the

radial distance of the observer from the black hole and θ0 corresponds to the inclination angle of the

observer’s line of sight with the axis of rotation of the black hole.

4.4.1 Shadow with a general plasma distribution

In this section, we consider a general distribution of plasma where the plasma frequency ωp is a

function of both r and θ [79],[105],[143]. We start from the Hamiltonian

H(xµ, pµ) =
1

2

[
gµνpµpν + ωp(r, θ)

2
]
. (4.24)

The refractive index n becomes

n(r, θ)2 = 1−
(ωp(r, θ)

ω

)2

. (4.25)

Here, ω corresponds to the photon frequency as measured by any arbitrary observer in the domain

of outer communication, that is between outer event horizon (rh+) to infinity. The photon frequency

as measured by a stationary observer at infinity is ω0 which is related to ω by the relation [157]

ω =
ω0√
−g00

=
ω0ζ√

∆− a2 sin2 θ
. (4.26)

Now, our task is to calculate the geodesics necessary for obtaining the black hole shadow. For this

we use the Hamilton’s equation of motion. Just as we have done in our previous analysis, here too

we find that the Hamiltonian (H) is independent of t and φ. Hence the corresponding constants of

motion are p0 = −E and p3 = Lφ where, E and Lφ correspond to the energy and angular momentum

of photons as measured by a stationary observer at infinity. Again the energy E and frequency ω0

are related as E = ~ω0, which gives E = ω0 for ~ = 1.

Using Hamilton’s equation of motion ẋµ = ∂H
∂pµ

, we get the equations for t and φ as [157]

ζ2ṫ =
r2 + a2

∆

[
(r2 + a2)E − aLφ

]
+ a
[
Lφ − aE sin2 θ

]
(4.27)

ζ2φ̇ =
a

∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ csc2 θ − aE

]
. (4.28)
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To obtain the geodesics for r and θ, we use the Hamilton-Jacobi equation which for photons immersed

in plasma turns out to be

H
(
xµ,

∂S

∂xµ

)
=

1

2

[
gµν

∂S

∂xµ
∂S

∂xν
+ ωp(r, θ)

2
]

= 0 . (4.29)

In order to solve the above eq.(4.29), we consider an ansatz S [68]

S = −Et+ Lφφ+ Sr(r) + Sθ(θ) (4.30)

and substitute it in eq.(4.29) to get

− 1

∆

[
(r2 + a2)E − aLφ

]2

+ (Lφ csc θ − aE sin θ)2 + ∆
(∂Sr
∂r

)2

+
(∂Sθ
∂θ

)2

+ ω2
pζ

2 = 0 . (4.31)

The above equation can be separated into two equations of r and θ, if we assume ω2
p(r, θ) to be [105]

ω2
p(r, θ) =

fr(r) + fθ(θ)

r2 + a2 cos2 θ
(4.32)

where fr(r) and fθ(θ) are respectively the functions of r and θ only. This form of ω2
p(r, θ) modifies

the refractive index n(r, θ) to

n(r, θ)2 = 1−
( fr(r) + fθ(θ)

(r2 + a2 cos2 θ)ω2

)
. (4.33)

Using eq.(4.32) in eq.(4.31), we get(∂Sθ
∂θ

)2

+ (Lφ csc θ− aE sin θ)2 + fθ(θ) =
1

∆

[
(r2 + a2)E− aLφ

]2

−∆
(∂Sr
∂r

)2

− fr(r) = constant = κ

(4.34)

with κ being the generalised Carter constant. The equations for θ and r take the form

ζ2θ̇ = ±
√

Θ(θ) (4.35)

ζ2ṙ = ±
√
R(r) (4.36)

with the expressions for Θ(θ) and R(r) as

Θ(θ) = κ− (Lφ csc θ − aE sin θ)2 − fθ(θ) (4.37)

R(r) =
[
(r2 + a2)E − aLφ

]2

−∆
(
κ+ fr(r)

)
. (4.38)

As discussed earlier, the black hole shadow is formed by the photons moving in the unstable circular

geodesics. The geodesics are subject to the condition R(r) = 0 and ∂R(r)
∂r

= 0. Using the conditions,

we obtain [
(r2 + a2)− aξ

]2

= ∆
[
η + f̃r(r)

]
(4.39)

69



4r
[
(r2 + a2)− aξ

]
−∆f̃r(r) = ∆

′
[
η + f̃r(r)

]
(4.40)

where ξ =
Lφ
E

, η = κ
E2 and f̃r(r) = fr(r)

E2 . Also we define another variable f̃θ(θ) = fθ(θ)
E2 which will

be useful later [157] for various computations. Also, ξ and η are called the Chandrasekhar constants

discussed in first chapter. Eliminating η from eq.(s) (4.39) and (4.40), we get an equation in ξ as

Aξ2 + 2Bξ + C = 0 (4.41)

where

A = a2∆
′

; B = 2ar∆− a∆
′
(r2 + a2) ; (4.42)

C =
[
∆
′
(r2 + a2)2 − 4r∆(r2 + a2) + ∆2f̃ ′r(r)

]
with f̃ ′r(r) giving the derivative of f̃r(r) with respect to r. Solving for ξ, we get

ξ = −B
A
±
√(B

A

)2

− C

A
. (4.43)

In order to graphically obtain the silhouette of the black hole shadow, we need to consider negative

sign in the expression for ξ. The expression for η obtained from eq.(4.39) is of the form

η =
1

∆

[
(r2 + a2)− aξ

]2

− f̃ ′r(r) . (4.44)

The expression of the celestial coordinates α and β shows that for determining the black hole shadow

which is formed in the (α− β) plane, we need the geodesics for φ, θ and r as given in eq.(s) (4.28),

(4.35) and (4.36) respectively. The expressions for dφ
dr

and dθ
dr

take the form

(dφ
dr

)
=

a
∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ csc2 θ − aE

]
√[

(r2 + a2)E − aLφ
]2

−∆
(
κ+ fr(r)

) (4.45)

(dθ
dr

)
=

√√√√ κ− (Lφ csc θ − aE sin θ)2 − fθ(θ)[
(r2 + a2)E − aLφ

]2

−∆
(
κ+ fr(r)

) . (4.46)

Using the above eq.(s) (4.45), (4.46) in the expressions for α and β, we have

α = −ξ csc θ0 ; β = ±
√
η − (ξ csc θ − a sin θ)2 − f̃θ(θ) . (4.47)

The shadow can be drawn by parametrically plotting α and β along X and Y axis respectively. We

have shown the plots below for two different plasma distribution. First by setting fr(r) = ω2
c

√
M3r

and fθ(θ) = 0 [105] and the second by setting fr(r) = 0 and fθ(θ) = ω2
cM

2(1 + 2 sin2 θ) [105].

Putting fr(r) = ω2
c

√
M3r and fθ(θ) = 0 (with M = 1) we get the expressions in eq.(s) (4.45), (4.46)
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and (4.47) to be

(dφ
dr

)
=

a
∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ csc2 θ − aE

]
√[

(r2 + a2)E − aLφ
]2

−∆
(
κ+ ω2

c

√
r
) (4.48)

(dθ
dr

)
=

√√√√ κ− (Lφ csc θ − aE sin θ)2[
(r2 + a2)E − aLφ

]2

−∆
(
κ+ ω2

c

√
r
) (4.49)

α = −ξ csc θ0 ; β = ±
√
η − (ξ csc θ − a sin θ)2 . (4.50)

Again, by putting fr(r) = 0 and fθ(θ) = ω2
cM

2(1 + 2 sin2 θ) (with M = 1), the expressions in eq.(s)

(4.45), (4.46) and (4.47) become

(dφ
dr

)
=

a
∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ csc2 θ − aE

]
√[

(r2 + a2)E − aLφ
]2

−∆κ

(4.51)

(dθ
dr

)
=

√√√√κ− (Lφ csc θ − aE sin θ)2 − ω2
c (1 + 2 sin2 θ)[

(r2 + a2)E − aLφ
]2

−∆κ
(4.52)

α = −ξ csc θ0 ; β = ±
√
η − (ξ csc θ − a sin θ)2 −

(ωc
ω0

)2

(1 + 2 sin2 θ) . (4.53)

4.4.2 Shadow with radial plasma distribution

In this section, we want to study the black hole shadow in a scenario where the refractive index n(r)

depends only on r. For this we evaluate the geodesics of light rays using the Hamiltonian (H) given

as

H =
1

2

[
gµνpµpν + (n2 − 1)g00p2

0

]
. (4.54)

Using Hamilton’s equation of motion, the expressions for t and φ geodesics in an arbitrary plane

reads

ζ2ṫ =
r2 + a2

∆

[
n2(r2 + a2)E − aLφ

]
+ a
[
Lφ − an2E sin2 θ

]
(4.55)

ζ2φ̇ =
a

∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ csc2 θ − aE

]
. (4.56)

To obtain the geodesics along r and θ, we use the Hamilton-Jacobi equation, which takes the form

∂S

∂λ
= −H = −1

2

[
gµν
( ∂S
∂xµ

)( ∂S
∂xν

)
+ (n2 − 1)g00

( ∂S
∂x0

)2
]
. (4.57)

In order to solve the above equation, we need to choose an ansatz for S [1] as done earlier

S = −Et+ Lφφ+ Sr(r) + Sθ(θ) . (4.58)
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Replacing S in eq.(4.57), we have

−(n2 − 1)

∆
E2(r2 + a2)2 − 1

∆

[
(r2 + a2)E − aLφ

]2

+ (n2 − 1)a2E2 sin2 θ − a2E2 cos2 θ (4.59)

+L2
φ cot2 θ + (aE − Lφ)2 + ∆

(∂Sr
∂r

)2

+
(∂Sθ
∂θ

)2

= 0 .

Now we wish to separate the above equation in r and θ variables just like our previous analysis. But

here we find some mathematical problems that hinder the method of separation. By inspecting the

term n(r)2a2E2 sin2 θ, we observe that it is in general, not possible to separate n(r) from sin θ. So

we have to consider special cases where the separation is possible. Here in this work we study two

such possiblities.

Inhomogeneous plasma

In the first case, we consider n = n(r) =
√

1− k
r
. This hinders the separation of eq.(4.59) into

functions of r and θ. However, we can separate it if we consider near equatorial plane [96]. The near

equatorial plane approximation is taken as θ ≈ Π
2

+ ε, with ε being a very small angle. It must be

noted that the unstable photon orbits are not restricted to the near equatorial planes, they can travel

through any arbitrary plane. Yet for an observer at infinity, this approximation is valid and gives

accurate and desirable results for the black hole shadow. Again, since we are considering geodesics

in the near equatorial plane, we simultaneously place the observer in the equatorial plane, that is,

θ0 = π
2
. This assumption modifies the geodesics as well as the celestial coordinates (α, β).

Setting θ = Π
2

+ ε, eq.(4.59) becomes

−(n2 − 1)

∆
E2(r2 + a2)2 − 1

∆

[
(r2 + a2)E − aLφ

]2

+ (n2 − 1)a2E2 (4.60)

+(aE − Lφ)2 + ∆
(∂Sr
∂r

)2

+
(∂Sε
∂ε

)2

= 0 .

Introducing Carter constant κ [1] as in the previous case, we can split the equation into two parts as

(n2 − 1)

∆
E2(r2 + a2)2 +

1

∆

[
(r2 + a2)E − aLφ

]2

− (n2 − 1)a2E2 (4.61)

−(aE − Lφ)2 −∆
(∂Sr
∂r

)2

=
(∂Sε
∂ε

)2

= κ .

Using ∂L
∂ẋµ

= ∂S
∂xµ

, we get equation(s) for r and ε as

r2ṙ =
√
R(r) (4.62)

r2ε̇ =
√

Θ(ε) (4.63)

where the expressions for R(r) and Θ(ε) takes the form

R(r) = (n2 − 1)E2(r2 + a2)2 +
[
(r2 + a2)E − aLφ

]2

−∆
[
(n2 − 1)a2E2 + (aE − Lφ)2 + κ

]
(4.64)
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Θ(ε) = κ . (4.65)

Since, shadows are formed by light rays moving in unstable circular orbits, so we use the conditions

R(r) = ∂R(r)
∂r

= 0 as before. The conditions read

(n2 − 1)(r2 + a2)2 +
[
(r2 + a2)− aξ

]2

= ∆
[
(n2 − 1)a2 + (a− ξ)2 + η

]
(4.66)

4r(n2−1)(r2+a2)+4r
[
(r2+a2)−aξ

]
−2nn

′
∆a2+2(r2+a2)nn

′
= ∆

′
[
(n2−1)a2+(a−ξ)2+η

]
. (4.67)

Eliminating η from the above equations, we get a quadratic equation ξ as

Aξ2 + 2Bξ + C = 0 (4.68)

with the expressions for A, B and C taking the form

A = a2∆
′

; B = 2ar∆− a∆
′
(r2 + a2) ; (4.69)

C =
[
n2∆

′
(r2 + a2)2 − 4r∆n2(r2 + a2) + 2nn

′
∆2a2 − 2(r2 + a2)2nn

′
∆
]
.

Solving for ξ, we have

ξ = −B
A
±
√(B

A

)2

− C

A
. (4.70)

The expression for η takes the form

η =
1

∆

[
(n2 − 1)(r2 + a2)2 +

[
(r2 + a2)− aξ

]2
]
− (n2 − 1)a2 − (a− ξ)2 . (4.71)

The constants ξ and η are the quantities in terms of which shadow radius Rs is evaluated.

In order to determine α and β, we need to calculate
(
dφ
dr

)
and

(
dε
dr

)
. The geodesics for φ, ε and r

have the form (considering near equatorial plane)(dφ
dλ

)
=

a

∆r2

[
(r2 + a2)E − aLφ

]
+

1

r2

[
Lφ − aE

]
(4.72)

( dε
dλ

)
=

√
κ

r2
(4.73)

(dr
dλ

)
=

1

r2

√
(n2 − 1)E2(r2 + a2)2 +

[
(r2 + a2)E − aLφ

]2

−∆
[
(n2 − 1)a2E2 + (aE − Lφ)2 + κ

]
.

(4.74)

Using the above geodesics, we get the relevant equations as
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(dφ
dr

)
=

a
∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ csc2 θ − aE

]
√

(n2 − 1)E2(r2 + a2)2 +
[
(r2 + a2)E − aLφ

]2

−∆
[
(n2 − 1)a2E2 + (aE − Lφ)2 + κ

]
(4.75)

(dε
dr

)
=

√√√√ κ

(n2 − 1)E2(r2 + a2)2 +
[
(r2 + a2)E − aLφ

]2

−∆
[
(n2 − 1)a2E2 + (aE − Lφ)2 + κ

] .
(4.76)

Now replacing the above relations in the expressions for α and β, we get the celestial coordinates as

α = − ξ
n

; β = ±
√
η

n
. (4.77)

Plotting α along X-axis vs β along Y-axis, we get the silhouette of the black hole shadow.

Homogeneous plasma

In the second case, we consider n(r) =constant=
√

1− k. The t and φ geodesics are the same as

obtained in the previous case. In this case we find that eq.(4.59) is separable. Using the Cartar

constant κ [1], we get(∂Sθ
∂θ

)2

+ (n2 − 1)a2E2 sin2 θ − a2E2 cos2 θ + L2
φ cot2 θ = −∆

(∂Sr
∂r

)2

+
(n2 − 1)

∆
E2(r2 + a2)2

(4.78)

+
1

∆

[
(r2 + a2)E + aLφ

]2

− (aE − Lφ)2 = κ .

This results into r and θ equation(s) as

ζ2ṙ =
√
R(r) (4.79)

ζ2θ̇ =
√

Θ(θ) . (4.80)

The expressions for R(r) and Θ(θ) take the form

R(r) = (n2 − 1)E2(r2 + a2)2 +
[
(r2 + a2)E − aLφ

]2

−∆
[
(aE − Lφ)2 + κ

]
(4.81)

Θ(θ) = κ− (n2 − 1)a2E2 sin2 θ + a2E2 cos2 θ − L2
φ cot2 θ . (4.82)

As discussed earlier, the condition for unstable circular orbits which form the black hole shadow

boundary are R(r) = ∂R
∂r

= 0. Using the conditions we get the constraint equations

(n2 − 1)(r2 + a2)2 +
[
(r2 + a2)− aξ

]2

= ∆
[
η + (a− ξ)2

]
(4.83)
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4rn2(r2 + a2)− 4raξ = ∆
′
[
η + (a− ξ)2

]
. (4.84)

Eliminating η from the above equation(s), we get an equation in ξ of the form

Aξ2 + 2Bξ + C = 0 (4.85)

where, A, B, C has the form

A = a2∆
′

; B = 2ar∆− a∆
′
(r2 + a2) ; (4.86)

C =
[
n2∆

′
(r2 + a2)2 − 4r∆n2(r2 + a2)

]
.

Solving the above equation, ξ becomes

ξ = −B
A
±
√(B

A

)2

− C

A
. (4.87)

The expression for η becomes

η =
1

∆

[
(n2 − 1)(r2 + a2)2 +

[
(r2 + a2)− aξ

]2
]
− (a− ξ)2 . (4.88)

In order to calculate the celestial coordinates (α, β) we need to make use of the geodesics equations(s)

for r, θ and φ as given in eq.(s) (4.79), (4.80) and (4.56) respectively. Using them, we get the

expressions for dφ
dr

and dθ
dr

as

(dφ
dr

)
=

a
∆

[
(r2 + a2)E − aLφ

]
+
[
Lφ csc2 θ − aE

]
√

(n2 − 1)E2(r2 + a2)2 +
[
(r2 + a2)E − aLφ

]2

−∆
[
(aE − Lφ)2 + κ

] (4.89)

(dθ
dr

)
=

√√√√√ κ− (n2 − 1)a2E2 sin2 θ + a2E2 cos2 θ − L2
φ cot2 θ

(n2 − 1)E2(r2 + a2)2 +
[
(r2 + a2)E − aLφ

]2

−∆
[
(aE − Lφ)2 + κ

] . (4.90)

Replacing the above eq.(s) in the expressions for α and β, we have

α = − ξ
n

csc θ ; β = ±
√
η − (n2 − 1)a2 sin2 θ + a2 cos2 θ − ξ2 cot2 θ

n
. (4.91)

The shadow can be obtained by plotting α along X axis and β along Y axis. In this case, the observer

is fixed at radial infinity (r0 = ∞) and the inclination of the observer with respect to the direction

of black hole spin (a) can be varied. So we consider three angular positions as θ0 = π
4
, θ0 = π

3
and

θ0 = π
2
.

Before ending this section, we want to mention that the general case (Case 4.4.1) in which n is a

function of both r and θ boils down to the case n =
√

1− k. This can be seen as follows. Setting

fr(r) = ω2
cr

2 and fθ(θ) = ω2
ca

2 cos2 θ, we get ωp(r, θ) = ωc = constant. Now we write the Hamiltonian
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(H) in the form [107]

H(xµ, pµ) =
1

2

[
gµνpµpν + ω̃p(r, θ)

2
]

(4.92)

where ω̃p is given by

ω̃p =
ωp√
−g00

=
ωc√
−g00

. (4.93)

The refractive index is defined as [104]

n2(r, θ) = 1−
ω̃2
p

ω2
= 1−

(ωc
ω0

)2

= 1− k = constant (4.94)

where we have defined
(
ωc
ω0

)2

= k and used ω = ω0√
−g00 . Substituting ωc in terms of n, we get

H(xµ, pµ) =
1

2

[
gµνpµpν − g00ω2

c

]
=

1

2

[
gµνpµpν + (n2 − 1)g00ω2

0

]
, n =

√
1− k . (4.95)

This is the same Hamiltonian as in Case 4.4.2 with p0 = −E = −ω0.

4.5 Impact of the spacetime parameters on the black hole shadow

The motion of any particle in the black hole spacetime is influenced by the parameters describing the

spacetime. The same is true for unstable photons that either plunge into the black hole singularity

or fly off to infinity. Those that fly off to infinity reach the observer and form the boundary of the

black hole shadow. Thus the shadow formed by photons gets impacted by the spacetime parameters.

The parameters describing the spacetime are spin (a) and charge (Q) of the black hole, PFDM

parameter (χ) and the plasma parameter (k). Now we show the plots and discuss how the parameters

effect the black hole shadow.

4.5.1 Influence of spin a, charge Q and PFDM parameter χ on the shadow

In Fig.5.2, we plot the silhouette of the black hole shadow for different values of spin (a). To highlight

the influence of spin parameter a we fixed the rest of the black hole parameters (Q = 0.2, χ = 0.2,

1.0, k = 0.2) and varied a. The plots are shown for inhomogeneous radial plasma distribution with

refractive index n(r) =
√

1− k
r
. Earlier we have discussed about the two ranges of PFDM parameter

χ separated by the critical value χc. The left plot is shown considering χ < χc whereas the right one

is shown for χ > χc. The value of χc varies with variation in the values of black hole spin a with

fixed charge Q as discussed in the previous chapter. The shadow is larger in case of χ < χc, whereas,

they are comparatively smaller in case of χ > χc. Besides, we find that with increase in spin (a) of

the black hole, the shadow gets rotated and slightly deformed. This is due to the rotational drag

force on the unstable photons moving in close vicinity of the black hole.

Fig.4.2 depict the effect of charge (Q) on the silhouette of the black hole shadow. Just like the

previous case we have shown two ranges of χ. We fix the black hole parameters to constant values (a

= 0.4, χ = 0.2, 1.0, k = 0.2). The plots are shown for inhomogeneous plasma with n(r) =
√

1− k
r
.
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Here too, we find that the shadow size in the lower regime of χ that is χ < χc is greater than that in

the higher regime where χ > χc. Also the plots narrate that with the increase in black hole charge

(Q), the shadow size reduces in both cases (χ < χc and χ > χc). The reason for the observation can

be assigned to the fact that the event horizon radius rh+ = M +
√
M2 −Q2 without dark matter

(χ=0) and plasma (k=0). The expression entails that the black hole size decreases with increase in

charge Q which gets reflected in the shadow size as well. The influence of charge on shadow reamins

same even in presence of χ and k. The black hole shadow which is a manifestation of the event

horizon (though comparatively larger), thereby decreases.

-4 -2 0 2 4

-4

-2

0

2

4

α

β

(a) Q = 0.2, k = 0.2, χ = 0.2
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Figure 4.1: Graphical representation of the black hole shadow for different values of spin (a). The colored plots are for
different spin values-blue dotted (a = 0.1), black (a = 0.3), red dashed (a = 0.5).
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(a) a = 0.4, k = 0.2, χ = 0.2
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Figure 4.2: Graphical representation of the black hole shadow for different values of charge (Q). The colored plots are for
different charge values-blue dotted (Q = 0.0), black (Q = 0.3), red dashed (Q = 0.6).

Fig.4.3 shows the variation of the shadow size for different values of PFDM parameter χ. The

plots are shown for inhomogeneous plasma with the refractive index n(r) =
√

1− k
r
. From previous

analysis, we find that the outer event horizon radius (rh+) decreases with increase in χ for χ < χc

and increases for χ > χc. The analogical results are observed in case of black hole shadow. We found

that for χ < χc, the shadow decreases non-uniformly and gets distorted with increase in χ. On the

other hand, for χ > χc, the shadow increases uniformly with increase in χ, though the effect is less
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pronounced than for χ < χc. Such kind of observation results from the fact that PFDM effectively

gives the mass of the total system as discussed previously.

-4 -2 0 2 4

-4

-2

0

2

4

α

β

(a) a=0.4, Q = 0.2, k = 0.2, χ < χc
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(b) a=0.4, Q = 0.2, k = 0.2, χ > χc

Figure 4.3: Graphical representation of the black hole shadow for different values of PFDM parameter (χ). The colored plots
are for different values of χ-blue dotted (χ = 0.1), black (χ = 0.2), red dashed (χ = 0.3) for the left plot and blue dotted
(χ = 1.0), black (χ = 1.1), red dashed (χ = 1.2) for the right plot.

4.5.2 Influence of plasma on the shadow
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(a) a=0.4, Q = 0.2, χ = 0.2
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Figure 4.4: Graphical representation of the silhouette of the black hole shadow with fr(r) = ω2
c

√
M3r and fθ(θ) = 0 and

different values of
(
ωc
ω0

)2
with

(
ωc
ω0

)2
= 0.0 (blue),

(
ωc
ω0

)2
= 1.0 (black),

(
ωc
ω0

)2
= 3.0 (red dotted) and

(
ωc
ω0

)2
= 6.0 (orange).

In Figure 4.4, we have shown the variation of black hole shadow by setting the function fr(r) = ω2
c

√
r,

fθ(θ) = 0, and M = 1. The plots are shown for fixed values of black hole spin a = 0.4 and charge

Q = 0.2. Also the plots are shown with the observer placed in the equatorial plane, θ0 = π
2
. The left

plot is for PFDM parameter χ = 0.2 and the right one for PFDM parameter χ = 1.0. We have taken

these two values since χ = 0.2 is less than χc whereas, χ = 1.0 is greater than χc for the considered

combination of spin a and charge Q. The plots show that shadow size decreases with increase in

plasma parameter ωc. Besides, we also observe that the shadow size is significantly smaller in case

of χ = 1.0 as compared to that in χ = 0.2.
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(a) a=0.4, Q = 0.2, χ = 0.2
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(b) a=0.4, Q = 0.2, χ = 1.0

Figure 4.5: Graphical representation of the silhouette of the black hole shadow with fr(r) = 0 and fθ(θ) = ω2
cM

2
(

1+2 sin2 θ
)

and different values of
(
ωc
ω0

)2
with

(
ωc
ω0

)2
= 0.0 (blue),

(
ωc
ω0

)2
= 0.4 (black),

(
ωc
ω0

)2
= 1.0 (red dotted) and

(
ωc
ω0

)2
= 1.5 (orange).
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(a) a=0.4, Q = 0.2, χ = 0.2
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Figure 4.6: Graphical representation of the silhouette of the black hole shadow with inhomogeneous radial plasma distribution.
The colored plots are for different values of plasma parameter-blue dotted (k = 0.0), black (k = 0.2), red dashed (k = 0.4).

Figure 4.5 shows the variation of black hole shadow by setting the functions fr(r) = 0 and fθ(θ) =

ω2
c

(
1 + 2 sin2 θ

)
, and M = 1. The plots are shown with the black hole spin and charge fixed at

a = 0.4 and Q = 0.2 respectively. Also, the plots are shown with the observer situated in the

equatorial plane, θ0 = π
2

as done previously. The left plot is for dark matter parameter χ = 0.2 and

the right one is for χ = 1.0. The plots show that shadow size once again decreases with increase in

plasma parameter ωc as in the earlier case.

We plot the effect of inhomogeneous plasma (n = n(r)) on the black hole shadow in Fig.4.6. We

have shown the plots both for χ < χc and χ > χc. We observe that the co-rotating photon radius

(rp1) which correspond to the extreme left of α axis decreases with increase in plasma parameter k.

The same happens in case of counter rotating radius (rp2) which corresponds to the extreme right

of the α axis. The effect is identical to that obtained previously following a numerical approach.

The cumulative effect of the two extreme orbit produces the unstable photon orbit which forms the

black hole shadow. The effect remains the same both for χ < χc and χ > χc. The shadow size is

comparatively larger in case of χ < χc than that in χ > χc.
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(a) a=0.4, Q = 0.2, χ = 0.2

-4 -2 0 2 4

-4

-2

0

2

4

α

β

(b) a=0.4, Q = 0.2, χ =1.0

Figure 4.7: Graphical representation of the silhouette of the black hole shadow with homogeneous plasma distribution. The
colored plots are for different values of plasma parameter-blue dotted (k = 0.0), black (k = 0.2), red dashed (k = 0.4). The
plots are for θ0 = π
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Figure 4.8: Graphical representation of the silhouette of the black hole shadow with homogeneous plasma distribution. The
colored plots are for different values of plasma parameter-blue dotted (k = 0.0), black (k = 0.2), red dashed (k = 0.4). The
plots are for θ0 = π
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Figure 4.9: Graphical representation of the silhouette of the black hole shadow with homogeneous plasma distribution. The
colored plots are for different values of plasma parameter-blue dotted (k = 0.0), black (k = 0.2), red dashed (k = 0.4). The
plots are for θ0 = π

2
.
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In Fig.(s)(4.7, 4.8, 4.9), we have shown the effect of homogeneous plasma (n=constant) on the black

hole shadow. The observation is carried out for different observer positions at θ0 = π
4
, θ0 = π

3
and

θ0 = π
2

respectively. The extreme right point on the α axis corresponds to the radius of counter

rotating photon orbits [198]. On the other hand, the extreme left point on the α axis corresponds

to the radius of co-rotating orbit. The radius (rp1) of co-rotating photons is found to decrease with

increase in plasma parameter k, whereas that of counter rotating photons (rp2) is observed to increase

with increase in k. The same is observed both for PFDM parameter χ = 0.2 and 1.0. Also the

shadow size is comparatively larger in case of χ = 0.2 with respect to that in χ = 1.0.

4.6 Effective potential (Veff)

In this section, we study and analyse the effective potential (Veff ) as faced by a photon moving

in the black hole spacetime. The potential can have maxima or minima which corresponds to the

existence of unstable or stable orbits. The condition for maxima or minima are given as
∂2Veff
∂r2

< 0

and
∂2Veff
∂r2

> 0 respectively. The effective potential can be obtained from the modified radial equation

which gives

ṙ2 + Veff = E2 (4.96)

with the effective potential taking the form

Veff = −
(a2E2 − L2

φ)

r2
− 2M

r3
(aE − Lφ)2 +

Q2

r4
(aE − Lφ)2 +

χ

r3
(aE − Lφ)2 (4.97)

−(n2 − 1)

[
E2 +

a2E2

r2
+ a2E2

(2M

r3
− Q2

r4
− χ

r3
ln

r

|χ|

)]
. (4.98)

The plots for the effective potential are shown below. Here we basically focus on the dependence of

the effective potential on the plasma parameter k.
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(a) a=0.5, Q = 0.3, χ = 0.2, Lφ=3.0
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Figure 4.10: Variation of the effective potential (Veff ) for co-rotating photons with homogeneous plasma (n =constant=√
1− k).

Fig.4.10 shows the effective potential (Veff ) encountered by the photons moving in co-rotating orbits.

The plots are shown for varying values of homogeneous plasma parameter k. The left plot is shown

for χ = 0.2 and the right one for χ = 1.0. The plots are shown by fixing various parameters as

M = 1, E = 1, a = 0.5, Q = 0.3, Lφ=3.0. We find that with increase in plasma parameter k
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the effective potential Veff increases uniformly in both cases. The potential shows a maxima which

corresponds to unstable photon orbits. The maxima in case of χ = 1.0 are a little higher than that

for χ = 0.2. Also we find that the position of the maxima, which gives the unstable photon radius

(rp) slightly shifts towards left with increase in plasma parameter k.
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Figure 4.11: Variation of the effective potential (Veff ) for co-rotating photons with inhomogeneous plasma (n = n(r) =√
1− k

r
).

Fig.4.11 shows the effective potential (Veff ) faced by the co-rotating photons with variation in plasma

parameter k. The left plot is for χ = 0.2 and the right one is for χ = 1.0. We consider the plasma

distribution to be inhomogeneous. The plots are shown by setting M = 1, E = 1, a = 0.5, Q = 0.3,

Lφ=3.0. We find that with increase in plasma parameter (k), the effective potential Veff increases

uniformly in both the cases. The potential shows a maxima which corresponds to unstable photon

orbits. The maxima in case of χ = 1.0 are a little higher than the same for χ = 0.2. Also we find

that the position of the maxima shifts towards left with increase in plasma parameter k. This implies

that the radius (rp) of the unstable photon orbits decreases with increase in plasma parameter k,

i.e., the orbits move close to the black hole.

The increment of effective potential in both the above cases for homogeneous and inhomogeneous

plasma can be assigned to the fact that due to interaction of photons with plasma, the total energy

and thereby the potential of the system increases. This can be seen by looking at the Hamiltonian

(H) which has an extra term due to plasma (eq.(4.5))

HI = −1

2
(n2 − 1)

(
p0

√
−g00

)2

=
1

2

k

rh

(
p0

√
−g00

)2

; n =

√
1− k

rh
.

(4.99)

Thus, with increase in plasma parameter k, the interaction energy increases. So by radial equation

(4.96) for fixed r, we find that increase in energy increases the potential. Thus the potential of the

system increases with increase in plasma parameter k.

The plots of Veff shown in Fig.(4.12) displays both the co-rotating and counter rotating orbits. The

co-rotating (prograde) orbits are characterised by E > 0 and Lφ > 0 with respect to black hole spin

a > 0 whereas the counter rotating (retrograde) orbits are characterised by E > 0 and Lφ < 0. We

observe that the unstable photon orbit radius of counter rotating orbits (rp2) are greater than that
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of co-rotating orbits (rp1) as can be seen from the maxima of the potential. This implies that the

corotating orbits are near the black hole than the counter rotating ones.
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Figure 4.12: Variation of the effective potential (Veff ) in inhomogeneous plasma
(
n = n(r) =

√
1− k

r

)
for Lφ > 0 and

Lφ < 0. The solid line corresponds to corotating and the dashed line corresponds to the counter rotating orbit.

4.7 Shadow radius Rs and constraints from the M87∗ observational data

In this section, we compute the black hole shadow radius Rs following the approach prescribed in

[199]. The aproach considers a reference circle as shown in Fig.4.13 to calculate the shadow radius

Rs. Geometrically the radius Rs of the black hole shadow can be written in terms of the celestial

coordinates as [199]

Rs =
(αt − αr)2 + β2

t

2|αr − αt|
(4.100)

where the silhouette of the shadow coincides with the reference circle at three different coordinates,

the top point (αt, βt), the bottom point (αb, βb) and the right point (αr, 0). It is to be noted that

the shadow radius Rs is related to the angular diameter θd of the shadow as [153]

θd = 2
Rs

d
(4.101)

where d is the distance of M87∗ black hole from earth (d = 16.8 Mpc). The observations conducted

by the EHT collaboration have obtained the value of θd to be 42± 3 µas which in radian becomes

(0.20325±0.0146)×10−9 rad [9]. Our main aim here is to constrain the PFDM parameter ( χ
M

) and the

plasma parameter (k) by comparing the theoretically calculated values of θd with the observational

data. In the subsequent analysis, we set the charge Q
M

of the black hole to zero (that is Q
M

= 0) for

the sake of simplicity.

At first, we consider the Kerr limit ( χ
M
→ 0, k → 0, Q

M
→ 0) of the black hole solution. We observe

that by varying of the black hole spin a
M
∈ [0, 1], the angular diameter θd of the shadow is obtained

to be θd ∈ [0.1925×10−9, 0.1929×10−9] (in radian). This implies that all possible values of the black

hole spin a
M

produces an angular diameter (θd) which are compatible with observational results.

Then we incorporate a homogeneous plasma background (h = 0) by setting Q
M

= 0, χ
M

= 0. Here we
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Figure 4.13: Geometrical representation of the shadow of a black hole.

try to constrain the value of the plasma parameter k for different values of spin a
M

. We obtain the

range of k compatible with the observational value of shadow size θd ∈ (0.20325 ± 0.0146) × 10−9

radian. The results are tabulated below in Table 4.3. Table 4.3 shows that with increase in the value

a
M klower kupper
0.1 0.0 0.976

0.2 0.0 0.909

0.3 0.0 0.805

0.4 0.0 0.677

0.5 0.0 0.536

0.6 0.0 0.396

0.7 0.0 0.266

0.8 0.0 0.154

0.9 0.0 0.067

1.0 0.0 0.020

Table 4.3: The results show the upper bound on the value of the plasma parameter k (0 ≤ k ≤ kupper) at fixed value of the
spin parameter compatible with observation.

of the black hole spin a
M

, the allowed range for plasma parameter k decreases. Further, our analysis

revealed that when we consider the inhomogeneous plasma background (h = 1), the resulting value of

θd lies outside the estimated range of θd. This is true for each and every value of the spin parameter
a
M

.

Next we consider the PFDM black hole solution (with Q
M
→ 0) in a homogeneous plasma background.

Table(4.4) shows the allowed range of values of the PFDM parameter which is χ
M
∈ [0, 0.025]. We

also observe the allowed range of values for k corresponding to fixed values of χ
M

.

Then we consider the general case of plasma frequency ωp(r, θ). The frequency takes the form

ω2
p(r, θ) = fr(r)+fθ(θ)

r2+a2 cos2 θ
. We want to obtain the range of values of the PFDM parameter ( χ

M
) compatible

to that of the plasma parameter
(
ωc
ω0

)2

using the observed value of angular shadow (θd). We consider
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χ
M klower kupper

0.010 0.000 0.904

0.015 0.000 0.903

0.020 0.770 0.901

0.025 0.875 0.899

Table 4.4: The results show the lower and upper value of the plasma parameter k at fixed value of the spin parameter, in
presence of the PFDM parameter.

the two cases studied in section 4.4.1. The first one is fr(r) = ω2
c

√
r and fθ(θ) = 0 and the second

one is fr(r) = 0 and fθ(θ) = ω2
c (1 + 2 sin2 θ). The Tables below show the corresponding ranges of χ

M

compatible with the ranges of
(
ωc
ω0

)2

.

χ
M

(
ωc
ω0

)2

lower

(
ωc
ω0

)2

upper

0.001 0.0 0.489

0.002 0.0 0.387

0.003 0.0 0.293

0.004 0.0 0.205

0.005 0.0 0.121

0.006 0.0 0.039

Table 4.5: Table showing the accessible range of
(
ωc
ω0

)2
with fr(r) = ω2

c

√
r and fθ(θ) = 0 for various values of χ

M
. The results

are shown at fixed value of the spin parameter ( a
M

= 0.5).

χ
M

(
ωc
ω0

)2

lower

(
ωc
ω0

)2

upper

0.001 0.0 0.282

0.002 0.0 0.223

0.003 0.0 0.168

0.004 0.0 0.117

0.005 0.0 0.069

0.006 0.0 0.022

Table 4.6: Table showing the accessible range
(
ωc
ω0

)2
with fr(r) = 0 and fθ(θ) = ω2

c (1 + 2 sin2 θ) for various values of χ
M

. The

results are shown at fixed value of the spin parameter ( a
M

= 0.5).

Tables 4.5 and 4.6 reveal that the allowed range of the PFDM parameter ( χ
M

) is χ
M
∈ [0, 0.006]. This

entails the presence of a very small amount of dark matter in the vicinity of the black hole. Also the

Tables show that dark matter and plasma can coexist as depicted from the observational range of

black hole shadow θd. Also, we find that with the increase in PFDM parameter χ
M

from 0 to 0.006

the allowed range of plasma parameter
(
ωc
ω0

)2

gradually decreases and vanishes from χ
M

= 0.007.

85



4.8 Summary

In this work we considered a rotating charged black hole surrounded by perfect fluid dark matter

(PFDM). We also immerse the system in a plasma background having no interaction with dark

matter.

We observe some unique characteristics of the black hole spacetime due to presence of PFDM which

we have discussed throroughly in the last chapter. Here we analysed the motion of null particles

around the black hole. We mainly focussed on analysing the impact of plasma on the trajectories

of null particles. The null particles can either rotate along the spin of the black hole (co-rotating)

or reverse (counter rotating). We observed that those co-rotating orbits lie close to the black hole

whereas, the counter rotating ones remain comparatively far from the black hole. We found that

the effect of plasma is independent of the influence of dark matter. We observed that in case of

homogeneous plasma distribution, the radius of co-rotating orbits decrease whereas that for the

counter rotating orbits increase with increment in plasma parameter k. On the other hand, in case

of inhomogeneous plasma distribution, we found that increase in k decreases the photon radius for

both types of orbits.

Then we analyse and study the unstable circular null geodesics which are responsible for the formation

of the black hole shadow. Using the geodesic equation(s), we obtain the celestial coordinates (α, β).

These two coordinates give the black hole shadow radius (Rs) as R2
s = α2 + β2. The shadow gets

formed in the celestial plane (α − β plane). We graphically represent the shadow and analyse in

detail the dependence of the black hole shadow on the black hole parameters (a, Q, χ, k).

The plots reveal that the shadow gets rotated and deformed with increase in black hole spin (a).

The deformation of black hole shadow occurs due to the rotational drag of the unstable photons by

the motion of the black hole. The plots alos depict that with increase in charge (Q), the radius (Rs)

and thereby the size of the black hole shadow reduces. The reason for this is quite obvious. The

black hole shadow depends on the size of the outer event horizon of the black hole. The radius of

outer event horizon is given as rh+ = M +
√
M2 −Q2 in absence of χ and k. With increase in Q,

rh+ decreases and thereby Rs decreases. This ultimately reduces the size of the black hole shadow.

Next we analyse the effect of the plasma medium on the black hole shadow. The shadow is formed

by the light rays encircling the black hole in unstable photon orbits. When the light rays move

through plasma media, they get deviated from their original path due to variation in frequency

(which depends on the medium). We considered the general case where the refractive index (n(r, θ))

and plasma frequency (ωp(r, θ)) both depends on r and θ. We found that with only radial variation

fr(r) = ω2
c

√
M3r and fθ(θ) = 0, the shadow plots reduce in size with increase in plasma parameter

ωc. Similar nature is observed in case of θ variation with fr(r) = 0 and fθ(θ) = ω2
cM

2
(

1 + 2 sin2 θ
)

with the shadow size decreasing with increase in plasma parameter ωc.

Next we consider cases where the plasma frequency is only r dependent. The refractive index in those

cases take the form
(
n =

√
1− k

r

)
(inhomogeneous) and

(
n =
√

1− k
)

(homogeneous). From the

plots, we find that the extreme right of α axis corresponds to the radius of counter rotating orbits

(rp2) whereas that on the extreme left corresponds to the co-rotating orbits (rp1). The variation of the

radius of these orbits with plasma gets reflected in the black hole shadow. In particular, we observe

that rp1 decreases with increase in the plasma parameter for fixed value of the PFDM parameter
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both for inhomogeneous and homogeneous plasma. However, rp2 decreases with increment in the

plasma parameter (k) for a fixed PFDM parameter (χ) for inhomogeneous plasma, and increases for

homogeneous plasma.

We have also analysed the effective potential (Veff ) and have found that it significantly depends

on the plasma parameter (k). The maxima of the potential (Veff ) corresponds to the radius of the

unstable photon orbits. The maxima’s shift towards left both for homogeneous and inhomogeneous

plasma distribution. We also find that the peak of the effective potential increases with increase in

the plasma parameter k. The reason for such an increment can be related to the fact that due to

plasma, the interaction energy of the total system increases and hence the potential (Veff ) of the

system increases.

Finally, we compute the shadow radius Rs and the angular shadow size θd. From our theoretical

results, we constrained the plasma parameter k as well as
(
ωc
ω0

)2

with the PFDM parameter χ
M

by

comparing the obtained values of θd with that observed from the M87∗ supermassive black hole data.
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Chapter 5

Black holes in an expanding universe

5.1 Introduction

It is a well-known fact that our universe is undergoing an accelerating expansion [200], [201]. Thus

any two objects in the universe must be moving away from each other. The effect is either less

pronounced or superseded by gravitational attraction for nearby objects yet the effect persists. Hence

it is quite instructive to incorporate cosmic expansion in case of any analysis of astrophysical systems.

In this thesis, we have studied black holes and various astrophysical aspects associated with it. So

consideration of cosmic expansion while studying black holes is quite realistic. In this work we

are interested in studying black hole shadow and the expansion of the universe must readily effect

the shadow size. Again it has been found that the size of any arbitrary object increases due to

cosmological expansion [202], [203].

The above discussion motivates us to consider a black hole system which includes the cosmological

expansion. The criteria the system needs to satisfy is that, it must be Schwarzschild-like close to

the black hole and as we move further away the solution must boil down to the FLRW metric. The

first of such model was considered by Einstein and Strauss in [204]. In this model, the geodesics

are calculated in different regions and are matched at a specific radius, namely the Schücking radius

[205]. Another solution was proposed by McVittie in [206] where the solution efficiently interpolates

between the near and far regions. Also, it satisfies the criteria of being Schwarzschild-like at closer

distances and FLRW like at far distances. However the geodesics are not completely integrable

analytically1. Thus for analytical calculations, we need metrics which have sufficient constants of

motion and the equations become completely integrable.

One special solution which has these properties is the Schwarzschild de-Sitter or Kottler black hole

[207]. The Kottler metric is the solution of Einstein’s field equation with a positive cosmological

constant Λ > 0. Here the system basically describes a Schwarzschild black hole being embedded

in a de-Sitter universe. In this case, the geodesics are completely integrable analytical calculations

can be readily performed. Besides a general transformation as proposed in [208] can transform the

Kottler metric to the FLRW metric where the expansion is driven by the cosmological constant Λ.

Some recent works related to the case of expanding universe can be found in [93], [209]-[215].

Another thing which we discussed in the earlier chapters is that the black hole in general is found to

be surrounded by material medium. The material around a black hole is at a very high temperature

1We are primarily interested in analytical calculation.
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due to the immense gravitational field of the black hole. The nature of this material medium suggests

that one can treat it like a highly dense plasma. In this chapter, we aim to study black hole shadow

in presence of plasma as viewed by both static and co-moving observer [93]. We would like to study

the impact of cosmological constant Λ as well as the plasma parameter k on the photon sphere as

well as black hole shadow from the point of view of a co-moving observer who is moving away from

the black hole due to cosmic expansion. We try to constraint the value of the plasma parameter on

the basis of the observational results of M87∗ [9] and Sgr A∗ [58] black holes. Though it is known

that almost all objects in the universe are rotating, so are the black holes. Yet our analysis carried

out for non-rotating black hole can give us crude results which will help us get some insight into the

plasma medium around the black hole. This chapter is based on our work [163].

5.2 Black hole shadow in presence of plasma

In this section, we discuss the analysis of the angular size of the shadow of a black hole in presence

of plasma. The analysis is true for any arbitrary lapse function f(r) with the metric given as

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dθ2 + r2 sin2 θdφ2 . (5.1)

The black hole shadow is formed by the photons that encircle the black hole moving along unstable

orbits. To determine the shadow size, we need to calculate the null geodesics using a Lagrangian (L)

or Hamiltonian (H) as mentioned previously. Due to spherical symmetry, all planes are identical,

so we fix the plane of choice as θ = π
2
. Thus the geodesic equation corresponding to θ becomes

θ = π
2

=constant or θ̇ = 0. Then we calculate the other geodesics for t, φ and r using the Hamilton’s

equation of motion which are given as

ẋµ =
∂H
∂pµ

; ṗµ = − ∂H
∂xµ

. (5.2)

We continue our discussion further by considering a plasma background. The plasma medium can

be either magnetised or non-magnetised. Consideration of magnetised plasma will resist us from

performing a detailed analytical study and we need to take help of numerical methods. So for

analytically studying the system under consideration, we consider cold, dust-like (having pressure

P = 0) and non-magnetised plasma medium which corresponds to a Hamiltonian (H) of the form

[103]

H =
1

2

[
gµνpµpν + ω2

p

]
. (5.3)

Here, ωp represents the electron plasma frequency. The refractive index (n) of the plasma medium

depends on the plasma frequency ωp as well as the photon frequency ω (as measured by any arbitrary

observer) and are related as [104]

n2 = 1−

(
ωp
ω

)2

; ω =
ω0√
−g00

(5.4)
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where the second relation in equation (5.4) provides the gravitational redshift with ω0 giving the

frequency of photons as measured by a stationary observer at infinity. Since the metric given in

eq.(5.1) is diagonal so its inverse can be readily computed. We can write

ω =
ω0√
−g00

⇒ ~ω =
~ω0√
−g00

⇒ ~ω =
E0√
−g00

⇒ ~ω =
p0√
−g00

⇒ ~ω = p0

√
−g00 . (5.5)

For ~ = 1, we have ω = p0

√
−g00. Using this relation and eq.(5.4) in eq.(5.3), we have

H =
1

2

[
gµνpµpν + (n2 − 1)g00p2

0

]
. (5.6)

The Hamiltonian can be recast as

H =
1

2

[
n2g00p2

0 + gijpipj

]
(5.7)

where i, j runs from 1 to 3 which corresponds to the spatial coordinates. The metric and hence

the Hamiltonian H is independent of t and φ. Using the Hamilton’s equation of motion ṗµ = − ∂H
∂xµ

and using the fact that ωp = ωp(r), we get the constants of motion as p0 =constant= −E and

p3 =constant= L. Here E and L correspond to the energy and angular momentum of photons as

measured by an observer stationed at infinity. Using the Hamilton’s equation of motion given in

eq.(5.2), we get the geodesics for t, φ and r as

dt

dλ
=
n2E

f(r)
(5.8)

dφ

dλ
=
L

r2
(5.9)

(dr
dλ

)2

= n2E2 − L2

r2
f(r) . (5.10)

Here λ denotes to the affine parameter which parametrises the trajectory of photons. Taking the

ratio of eq.(s)(5.10) and (5.9), we obtain

( dr
dφ

)2

= r4

[
n2E2

L2
− f(r)

r2

]
. (5.11)

The above equation (5.11) is independent of time coordinate t (implying the solution being time

independent as we have considered in eq.(5.1)) and also of θ (since we are interested in geodesics

fixed to the equatorial plane). The equation depends on the radial coordinate r and the refractive

index of plasma n and some constants of motion which are fixed for specific photons. The solution

of the above equation gives the trajectory of photons in the equatorial plane and the solution can be

represented as r = r(φ). This equation (5.11) can be used to evaluate the unstable circular orbits of

photons moving in the equatorial plane. The conditions take the form dr
dφ

= d2r
dφ2

= 0.

Using the first condition, we obtain a constraint relation among the constants of motion (E, L) in
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terms of the photon orbit radius rp. On the other hand, the second condition gives an equation

in terms of spacetime parameters which can be solved to obtain the photon orbit radius rp. The

conditions take the following form

n2r2

f(r)

∣∣∣∣∣
r=rp

=
L2

E2
(5.12)

(
2n′rf(r) + 2nf(r)− nrf ′(r)

)∣∣∣∣∣
r=rp

= 0 . (5.13)

rrp

Rs

r0

α

Figure 5.1: Pictorial representation of the event horizon, photon sphere and the shadow radius [163].

The second equation is used to determine rp for fixed values of spacetime parameters and the refractive

index n.

Now we wish to calculate the angular size of the black hole shadow. For this we require a detailed

description of the plasma under consideration. Also we would require the conditions eq.(5.12) ob-

tained above. A ray of light from the background source upon getting deflected due to the immense

gravitational pull of the black hole, makes an angle α with respect to the observer’s position r0 as

given in Fig.5.1. We observe that Fig.5.1 shows a dark disk which represents the black hole being

surrounded by photon ring (shown in dotted red colour) situated at the distance r = rp. Light from

photon sphere (ring) travels in curved trajectory and reaches the observer making an angle α where

the tangent gives the measured position of the light ray. If we consider all rays at the boundary of the

cone of angle α, it forms the shadow boundary with radius Rs greater than rp, that is Rs > rp > rh+.

In the study, we consider a radial plasma distribution such that the refractive index n is a function

of r only. Also, n′ which is given as n′ = dn
dr

corresponds to the derivative of n with respect to r. In

order to carry out calculations explicitly, we need to assume a certain form of the refractive index

(n) and thereby of the plasma frequency (ωp). Keeping this in mind, we consider the following form

for the plasma frequency2 [104]

ωp(r)
2 =

4πe2

me

N(r) ; N(r) = N0

(r0

r

)h
(5.14)

where e and me represents the electronic charge and mass, N(r) gives the number density of electrons

in the plasma medium and N0 is a constant. Substituting the above relation in the expression of

2It is to be noted that as we are working with an axially symmetric black hole and so it is justified to assume the form of ωp
as ω2

p = f(r)

rh
. However, for a rotating black hole one needs to consider the form of ωp as ω2

p = f(r)+f(θ)

r2+a2 cos θ
as shown in [157].
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refractive index n in eq.(5.4), we get

n(r)2 = 1− f(r)
k

rh
; k =

4πe2

meω2
0

N0r
h
0 . (5.15)

Δy
Δx α

r0

Figure 5.2: Light travelling into past from observer (r0) making angle α [163].

With the above details in hand, we try to calculate the angular size of the black hole shadow in

presence of plasma. In Fig.5.2 we find that the ray of light makes an angle α with the radial line

that satisfies

tanα = lim
∆x→0

∆y

∆x
. (5.16)

From our metric we find that in the desired limit, the angular size becomes

tanα =

√
f(r)

r2 n(r)2E2

L2 − f(r)

∣∣∣∣∣
r=ro

(5.17)

where ro is the position of the observer. The angular size of the black hole shadow in terms of sinα

is of the form

sin2 αsp =
f(r)

r2 n(r)2E2

L2

∣∣∣∣∣
r=ro

=
z(rp)

2

z(r0)2
; z(r)2 =

n(r)2r2

f(r)
. (5.18)

5.3 Shadow of black hole with a positive cosmological constant in plasma

In this section, we consider a system having a positive cosmological constant Λ. The positive cosmo-

logical constant (Λ > 0) modifies certain characteristics of the spacetime. First of all, it introduces

an additional horizon, namely, the cosmological horizon (rC). The cosmological horizon constraints

the observers existence within a certain region that is from the event horizon rh+ to cosmological

horizon rC (rh+ < r0 < rC). The interesting thing we can observe is that the photon sphere radius rp

remains unchanged implying no effect of cosmological constant Λ [93]. However the angular shadow

size not only depends on the photon sphere radius rp but also explicitly depends on the spacetime

geometry (the lapse function) of the black hole and other additive features. This implies that the

shadow size might can effected due to incorporation of Λ in the system.

In this work, we study a specific system namely, the Schwarzschild de-Sitter black hole or the Kottler

black hole. We refrain from incorporating other matter fields into the system for simplicity. The
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metric of a Kottler black hole takes the form

ds2 = −
(

1− 2M

r
− Λ

3
r2
)
dt2 +

dr2(
1− 2M

r
− Λ

3
r2
) + r2dθ2 + r2 sin2 θdφ2 (5.19)

with the cosmological constant Λ related to the Hubble’s constant H0 as Λ
3

=
H2

0

c2
. Analysing the

lapse function f(r) we find that the horizons lie in the range 2M < rh+ < 3M , 3M < rC < ∞
and r̄ < 0. Here, rh+, rC and r̄ respectively give the event horizon, cosmological horizon and the

additional horizon which is unphysical. Also setting f(r) = 0 provides us a cubic equation of the

form

r3 − 3

Λ
r +

6M

Λ
= 0 (5.20)

The requirement of real solution of eq.(5.20) constraints Λ as 0 < Λ < 1
9M2 . The geodesics evaluated

at the equatorial plane (θ = π
2
) incorporating plasma for t, φ and r in case of Kottler black hole

takes the form
dt

dλ
=
n2E

f(r)
=

n2E(
1− 2M

r
− Λ

3
r2
) (5.21)

dφ

dλ
=
L

r2
(5.22)

(dr
dλ

)2

= n2E2 − L2

r2
f(r) = n2E2 − L2

r2

(
1− 2M

r
− Λ

3
r2
)
. (5.23)

The condition for unstable circular null geodesics gives the photon sphere radius rp and also gives a

condition on the constants E,L and Λ.

L2

E2
=
n2r2

f(r)

∣∣∣∣∣
r=rp

(5.24)

which simplifies to
E2

L2
=

1

27M2
− Λ

3
(5.25)

for n = 1 [93]. The angular size of the black hole shadow in presence of plasma takes the form

sin2 α̃sp =
z(rp)

2

z(r0)2
=
n(rp)

2

n(r0)2

r2
p

r2
0

(
1− 2M

r0
− Λ

3
r2

0

)
(

1− 2M
rp
− Λ

3
r2
p

) . (5.26)

The general equation for deriving the photon sphere radius rp for static spherically symmetric metric

with cosmological constant Λ surrounded by plasma medium with refractive index n is given as

(
2n′(r)rf(r) + 2n(r)f(r)− n(r)rf ′(r)

)∣∣∣∣∣
r=rp

= 0 . (5.27)

Let us solve try to solve the equation for different cases.
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5.3.1 Analysis without plasma

In the first case we consider Schwarzschild de Sitter metric or Kottler metric without plasma. The

lapse function is of the form

f(r) = 1− 2M

r
− Λ

3
r2 (5.28)

and the corresponding derivative with respect to radial coordinate r is

f ′(r) =
df

dr
=

2M

r2
− 2Λ

3
r . (5.29)

Due to absence of plasma, the refractive index has the value n(r) = 1 and the derivative of n with

respect to r gives n′(r) = 0. Replacing all the parameters in eq.(5.27), we obtain

2
(

1− 2M

rp
− Λ

3
r2
p

)
− rp

(2M

r2
p

− 2Λ

3
rp

)
= 0 . (5.30)

The solution of the above equation gives rp = 3M which is independent of the cosmological constant

Λ. So we find that the photon sphere radius rp is not effected by the presence of cosmological constant

Λ in the metric. The corresponding angular shadow size takes the form

sin2 α̃s =
r2
p

r2
0

(
1− 2M

r0
− Λ

3
r2

0

)
(

1− 2M
rp
− Λ

3
r2
p

) =

(
1− 2M

r0
− Λ

3
r2

0

)
r2

0

(
1

27M2 − Λ
3

) . (5.31)

5.3.2 Homogeneous plasma

In the second case, we consider Schwarzschild de Sitter or Kottler metric surrounded by a homoge-

neous plasma media. The refractive index of homogeneous plasma is of the form [216], [217]

n(r) =
√

1− kf(r) (5.32)

and the corresponding derivative

n′(r) = − 1√
1− kf(r)

k

(
M

r2
− Λ

3
r2

)
. (5.33)

Using n and n′ respectively from eq.(5.32) and (5.33) in eq.(5.27), we get

kΛ2

9
r6
p −

2

3
Λkr4

p +
4kΛM

3
r3
p − (1− k)r2

p − (4k − 3)Mrp + 4kM2 = 0. (5.34)

The above equation is of sixth order. The first three terms in the above equation (5.34) have both k

and Λ. So, in presence of plasma, the cosmological constant Λ must effect the photon sphere radius

rp. Thus the solution rp must be a function of k and Λ. In the limit of k → 0, the effect of the

cosmological constnat Λ vanishes. Thus we get back the photon sphere radius rp as 3M. The angular

94



shadow size becomes

sin2 α̃sp =
n(rp)

2

n(r0)2

r2
p

r2
0

(
1− 2M

r0
− Λ

3
r2

0

)
(

1− 2M
rp
− Λ

3
r2
p

) =

(
1− k

(
1− 2M

rp
− Λ

3
r2
p

))
(

1− k

(
1− 2M

r0
− Λ

3
r2

0

)) r2
p

r2
0

(
1− 2M

r0
− Λ

3
r2

0

)
(

1− 2M
rp
− Λ

3
r2
p

) . (5.35)

5.3.3 Inhomogeneous plasma

In the last case, we consider Schwarzschild de Sitter or Kottler metric embedded in an inhomogeneous

plasma background. The refractive index of the inhomogeneous plasma takes the form [216], [217]

n(r) =

√
1− k

r
f(r) (5.36)

and the corresponding derivative of n with respect to r is

n′(r) =
1

2
√

1− k
r
f(r)

(
k

r2
− 2kM

r3
− Λk

3
− 2kM

r3
+

2

3
kΛ

)
. (5.37)

Using the values of n and n′ respectively from eq.(s) (5.36) and (5.37) in eq.(5.27), we get after some

simplification

kΛ2

9
r6
p −

2

3
Λkr4

p +

(
4kΛM

3
− 2

)
r3
p + (6M + k)r2

p − 4krpM + 4kM2 = 0. (5.38)

The above equation is of sixth order. Just like the case of homogeneous plasma, here also the first

three terms in eq.(5.38) depend on both plasma parameter k and cosmological constnat Λ. Thus,

the solution of the above equation gives rp which is a function of k and Λ. In the limit of k → 0,

we get back the photon sphere radius rp as 3M. The angular size of the black hole shadow takes the

form
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(a) Variation of photon radius
rp
M with homogeneous

plasma k.
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(b) Variation of photon radius
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M with inhomogeneous

plasma k
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Figure 5.3: Graphical representation of photon sphere radius
rp
M with plasma parameter. The plots are

shown for cosmological constant (ΛM2) values - 0.0075 (black), 0.0300 (red) and 0.0675 (blue).
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))
(
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(
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− Λ

3
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)) r2
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r2
0

(
1− 2M

r0
− Λ

3
r2

0

)
(

1− 2M
rp
− Λ

3
r2
p

) . (5.39)

In Fig.5.3, we have graphical shown the variation of the photon sphere radius rp with increase in

the plasma parameter. The left plot Fig.5.3 is for homogeneous plasma distribution and the right

one is for the inhomogeneous plasma distribution. Both the plots reveal that with increment in the

plasma parameter the photon sphere radius rp increases. The effect is more pronounced in case of

homogeneous plasma compared to the inhomogeneous case. Also, we have shown three plots in each

case considering three different values of the cosmological constant Λ. We find that increment in the

cosmological constant decreases the photon radius for fixed values of the plasma parameter. Again,

we also observe that all the plots start from the same common point at k = 0 which corresponds to

the case of absence of plasma in the background. In that case, the effect of cosmological constant

also vanishes reducing the value of rp to 3M. This observation can also be verified from eq.(s) (5.34)

and (5.38).
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(a) Angular shadow size (αstat) of the Schwarzschild
black hole with respect to a static observer (r0).

0 2 4 6 8 10

0

1

2

3

4

r0

M

α
s
ta

t

(b) Angular shadow (αstat) of Schwarzschild de-Sitter
black hole with respect to a static observer (r0). The
cosmological constant ΛM2 is set to 0.03.

Figure 5.4: Variation in angular shadow size with respect to observer’s position r0. The plots are shown for
plasma parameter k

M values - 0.0 (black), 0.2 (violet) and 0.4 (red).

In Fig.5.4, we plot the angular size (α) of the black hole shadow varying the position (r0) of the

observer. The plots are shown for different values of inhomogeneous plasma parameter k
M

.

Analysing the plots, we find that as the observer moves from infinity (asymptotically flat black hole)

or from the cosmological horizon rC (asymptotically de-Sitter black hole) towards the black hole, the

angular shadow size increases from being zero at the asymptotic location to π
2

at the photon sphere.

As the observer moves further, the shadow size then falls back to zero at the event horizon rh+. Our

aim is to plot the shadow in the range α ∈ [0, π]. To fulfill our plans we must consider α = sin−1Q

in the range rp < r0 < rC and α = π − sin−1Q in the range rh+ < r0 < rp [93]. Here Q gives the

value of sinα in terms of radial distance r0 and other spacetime parameters.
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(a) Angular shadow (αstat) of Schwarzschild black
hole with respect to a static observer (r0) (enlarged
version).
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(b) Angular shadow (αstat) of Schwarzschild de-Sitter
black hole with respect to a static observer (r0) by
setting ΛM2 to 0.03 (enlarged version).

Figure 5.5: Variation in angular shadow size with respect to observer’s position r0. The plots are shown
for plasma parameter k

M values - 0.0 (black), 0.2 (violet) and 0.4 (red). The enlarged version of the above
plots.

The left plot in Fig.5.4 is for Schwarzschild black hole which reveals that the observer’s position can

extend upto infinity. Whereas, the right plot in Fig.5.4 depicts the variation of the angular shadow

size with radial distance r0 in case of a Schwarzschild black hole embedded in a de-Sitter universe.

This embedding restricts the observer upto a certain limiting radius, namely the cosmological horizon

radius rC . In case of Schwarzschikd de-Sitter black hole, the shadow size is zero at the cosmological

horizon rC and increases to π
2

at the photon sphere rp. Beyond the photon sphere, as the observer

moves closer to the black hole, the shadow size grows and becomes π at the event horizon.

The plots in Fig.5.5 are the enlarged version of the plots in Fig.5.4. They clearly reveal the change

in the angular shadow size with variation in inhomogeneous plasma parameter k
M

. The plots show

that increment in plasma parameter k
M

decreases the black hole shadow size. Also we mention that

the plots are shown for plasma frequency ω2
p having only radial dependence as ω2

p ∼ 1
r
.
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(a) Angular shadow (αstat) of a Schwarzschild de-
Sitter black hole with respect to a static observer ( r0

M )

setting plasma parameter k
M = 0.0.
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(b) Angular shadow (αstat) of a Schwarzschild de-
Sitter black hole with respect to a static observer ( r0

M )

setting inhomogeneous plasma parameter k
M = 0.2.

Figure 5.6: Graphical representation of angular shadow size (αstat) with variation in the position of a static
observer ( r0M ). The plots are shown for the cosmological constant ΛM2 values - 0.0000 (black), 0.0075
(violet), 0.0300 (red) and 0.0675 (orange).
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The plots shown in Fig.5.6 depict the variation of the black hole shadow for different values of

the cosmological constant Λ or in other words the Hubble’s constant H0. The plots are shown for

Schwarzschild de-Sitter/Kottler black hole with the values of the cosmological constant (ΛM2) set

to 0.0000 (black), 0.0075 (violet), 0.0300 (red) and 0.0675 (orange). The plots reveal that increment

in the value of Λ decreases the shadow size decreases rapidly. This implies that higher the value

of Λ, closer is the cosmological horizon (rC) to the black hole event horizon (rh+). Also, the plots

reveal the size of the black hole, thereby it’s event horizon increases with increase in the value of

the cosmological constant Λ. Hence the event horizon moves closer to the cosmological horizon with

increase in Λ. As the inner horizon increases and the outer one decreases, so they must merge at

some value of Λ that is rh+ = rC) for some value pf λ. The value at which the two horizons meet is

ΛM2 = 0.1111. The left plot in Fig.5.6 is shown by setting the plasma parameter k
M

= 0 and the

right plot is drawn by setting the inhomogeneous plasma parameter k
M

= 0.2. The two plots are

almost identical since the variation due to plasma gets reflected in the photon sphere radius rp but

no effect of plasma is seen in case of rh+ and rC .

5.4 Shadow from the point of view of co-moving observer

In this section, we study the effect of the cosmic expansion on the black hole shadow. The shadow,

in general, is viewed by an observer stationed at a certain position in the domain of outer communi-

cation. The cosmological expansion drives the observer away from the black hole and the motion of

the observer is dictated by the cosmological constant Λ. The angular size of the shadow measured by

this co-moving observer is related to that measured by a static observer in terms of the aberration

relation [98], [99]

cosαc =
cosαs − v

1− v cosαs
. (5.40)

We have derived this expression previously in chapter 1. The above expression can be rewritten in

terms of sine function as

sin2 αc =
(

1− v2
) sin2 αs(

1− v cosαs

)2 (5.41)

where v is the relative velocity between the two observers.

In general, the co-moving observer moves away from the black hole with velocity v. This velocity

is dictated by the cosmological constant Λ and thereby the Hubble constant H0 as well as other

spacetime parameters. Again, it must be pointed out that as the static observer goes from rh+ to rp,

the angular size of the black hole shadow changes from π to π
2

and then goes from π
2

to zero as the

observer goes to rC as discussed above. This observation is clear from the plot in the right panel of

Fig.5.4. Also, in our analysis, we considered only positive values for sine and cosine functions. Thus,

we put negative values by hand for a continuation of our results. Keeping these points in mind and

by expressing cosαs in terms of sinαs in eq.(5.41) we get

sinαc =

√(
1− v2

) sinαs(
1± v

√
1− sin2 αs

) (5.42)
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which can be rewritten as

sinαc =

√(
1− v2

)
sinαs

(
1∓ v

√
1− sin2 αs

)
(

1− v2(1− sin2 αs)
) . (5.43)

The associated graphical representations show very interesting results. If we consider the shadow

from the point of view of the comoving observer, we find that the shadow observed has certain

features quite different from that seen by the static observer. In case of a static observer, as the

observer moves away from the event horizon rh+ the complete dark sky as seen by him starts to

reduce in size and just at the photon sphere rp, he observes half dark and half bright sky. Further,

as he moves further outward, he eventually sees a completely bright sky. Also at the location of the

photon sphere (rp), the light rays are perpendicular to the observer. On the other hand, in case of

the co-moving observer the situation is not the same. For the comoving observer the effective photon

sphere r̃p is somewhere outward, that is r̃p > rp. The other observations and their respective nature

are identical as viewed by a static observer. Also another important fact is that the position of the

comoving observer is not bound by the cosmological horizon rC and the observer can reach upto

infinity.

Now we incorporate a plasma background to observe the effect of shadow as viewed by a comoving

observer. The aberration relation gets modified to a great extent due to incorporation of the plasmic

medium. The expression takes the form [218]

cosαcp =
cosαsp + nv√(

n+ v cosαsp

)2

−
(
n2 − 1

)(
1− v2

) (5.44)

which can be rewritten in terms of sine function as

sinαcp =

√(
1− v2

) sinαsp√(
n∓ v

√
1− sin2 αsp

)2

−
(
n2 − 1

)(
1− v2

) . (5.45)

Setting n = 1, we get back eq.(5.42). The above eq.(5.45) can be again rewritten as

sinαcp =

√(
1− v2

)
sinαsp

√(
1 + n2v2 − v2 sin2 αsp

)
∓ 2nv

√(
1− sin2 αsp

)
√(

1 + n2v2 − v2 sin2 αsp

)2

− 4n2v2
(

1− sin2 αsp

) . (5.46)

Using the above expression we can determine the angular size of the black hole shadow surrounded

by plasma as seen by a comoving observer moving away from the black hole.

Now, in order to calculate and graphically represent the angular size of the black hole shadow, we

need to determine the velocity of the comoving observer with respect to a static observer. The

derivation has been performed by Perlick et al in [93]. Also it has been done for the general case

applicable in for any static and spherically symmetric spacetime by Roy et al in [208]. The velocity
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of the comoving observer with respect to the static observer takes the form

|~v| =

√
1− f(r)

f0(r)
. (5.47)

with f(r) being the lapse function and f0(r) = f(r)
∣∣∣
Λ=0

. In case of Kottler metric, the lapse function

takes the form f(r) = 1− 2M
r
− Λ

3
r2, which gives the velocity of comoving observer as

|~v| =

√
Λ/3

1− 2M
r
− Λ

3
r2
r =

H0r√
1− 2M

r
−H2

0r
2

. (5.48)

We have briefly discussed the formula for the velocity of the comoving observer with respect to the

static observer in the Appendix C.

Utilising the expression of the comoving velocity of the observer, we can calculate and plot the

angular shadow size as seen by a comoving observer. We have shown the plots of the angular shadow

size with respect to the observer’s position in Fig.5.7. The left plot represents the shadow in absence

of plasma, whereas the right one shows the shadow in an inhomogeneous plasma background having

the value of plasma parameter k
M

= 0.2. Further, we have also shown the variation of the angular

size of the black hole shadow for different values of the Hubbble constant H0. From both the plots,

for a fixed value of the observer position one can conclude that the shadow size increases with an

increase in the value of Hubble constant H0. Also, we find that the shadow size reduces and saturates

to a finite value but never reaches zero size with increasing distance from the black hole.
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(a) Angular shadow (αcomov) of a Schwarzschild de-
Sitter black hole with respect to a comoving observer
( r0
M ) setting plasma parameter k

M = 0.0.
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(b) Angular shadow (αcomov) of a Schwarzschild de-
Sitter black hole with respect to a comoving observer
( r0
M ) setting inhomogeneous plasma parameter k

M =
0.2.

Figure 5.7: Variation in the angular size of the shadow with respect to the position of the co-moving observer
r0
M . The plots are shown for different values of Hubble constant H0M as 0.01 (black), 0.05 (violet) and 0.10
(red).
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(a) Angular shadow (αcomov) of a Schwarzschild de-
Sitter black hole with respect to a comoving observer
( r0
M ).
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(b) The enlarged version of the left image.

Figure 5.8: Graphical representation of angular shadow size (αcomov) of a Schwarzschild de-Sitter black hole
with variation in the position of a comoving observer ( r0M ). The plots are shown for the inhomogeneous

plasma parameter k
M values - 0.0 (black), 0.2 (violet) and 0.4 (red) with Hubble constant H0M = 0.10.

Fig.5.8 entails the effect of the plasma parameter on the angular shadow radius as seen by a comoving

observer. The plots have been shown for a fixed value of the Hubble constant H0M = 0.1 and for

inhomogeneous plasma parameter values k
M

= 0.0, 0.2 and 0.4. The plot in right is the enlarged

version of the left one. We find that an increase in the value of the inhomogeneous plasma parameter
k
M

, decreases the angular size of the black hole shadow similar to that observed in case of a static

observer.

5.5 Comparison with EHT observations

In this section we calculate the numerical value of the angular size of the black hole shadow and

compare it with the observational results. We want to compare the theoretical results with the

observational ones of supermassive black holes residing at the centre of M87 galaxy and our galaxy

(Milky Way). We discuss them casewise.

5.5.1 Case I: M87∗ supermassive black hole

The observational results from the EHT Collaboration reveal that the shadow size of M87∗ super-

massive black hole is (42±3) µas [9]. So, the angular size of the black hole shadow is restricted to

be in the range (39-45) µas. For the numerical computation of shadow size, we require the distance

of the black hole from earth. The distance has been measured to be (16.8 ± 0.8) MPc [9]. The mass

of the black hole as measured by the EHT collaboration is found to be (6.5 ± 0.7) ×109 M� [9].

All the above mentioned quantities are necessary to calculate the mass parameter m which is of the

form m = GM
c2

. Here, G corresponds to Newton’s gravitational constant and c is the velocity of light

in vacuum having the standard values 6.674×10−11 m3Kg−1s−2 and 3× 108 ms−1 respectively.

Here, the main aim is to calculate the black hole shadow as observed by a comoving observer. The

comoving observer moves along with the accelerating expansion of the universe. In this work, we

have considered the cosmic expansion to be driven by the cosmological constant Λ. The cosmological
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constant is related to the Hubble constant H0 by the relation Λ
3

=
H2

0

c2
[93]. The angular size of the

black hole shadow given in eq.(s) (5.45) and (5.46) depend on the recession velocity of the comoving

observer. The velocity of the comoving observer is given in eq.(5.48) which depends on the Hubble

constant H0. Thus, in order to determine the value of the angular size of the black hole shadow

as measured by the comoving observer, we need the value of the Hubble’s constant H0 which in

turn will give us the recession velocity. The value of H0 as measured by the Planck Collaboration is

(67.4± 0.5) km s−1MPc−1 [219].

Apart from that, we incorporated the effect of plasma. We want to constrain the values of plasma

parameter using the observed values of the angular shadow size. Hence we calculate the shadow of

a black hole immersed in a plasma medium. The plasma is assumed to be spherically symmetric

and the plasma frequency ωp and thereby the refractive index n has only radial dependence. The

refractive index takes the form n =
√

1− k
rh
f(r). For homogeneous plasma, we have h = 0 and for

inhomogeneous plasma we consider h = 1. For these two cases, we calculate the angular shadow size

using (5.46). The value of α gives the angular radius of the black hole shadow. We then double it to

obtain the angular diameter 2α. This value is then compared to the observational result and thereby

the plasma parameter k is constrained.

For calculational purposes, we convert the distance of black hole from earth r0 as well as the photon

sphere radius rp into metres. The value of r0 upon conversion becomes 5.184 ×1023 m. The photon

sphere radius for the Schwarzchild and Schwarzchild de-Sitter black remains the same at 3m which

in metres has the value 2.892 ×1013 m. The value of the mass parameter m is 9.64 ×1012 m. Also,

the cosmological horizon rC of the black hole spacetime is positioned at 1.3736 ×1026 metres, where

we have used the mass of the M87∗ supermassive black hole having value (6.5 ± 0.7) ×109 M� [9]

and the value of the Hubble constant as (67.4± 0.5) km s−1MPc−1 [219]. Using the above values, we

computed both r0 (distance of the black hole from earth) and rC (cosmological horizon) and found

that r0 < rC implying that the observer is located well inside the horizon.

k αstat(µas)

0.00 39.8643

0.05 40.7999

0.10 41.3061

0.15 42.1243

0.20 43.0210

0.25 44.0093

0.295 44.9907

0.296 45.0136

k αcomov(µas)

0.00 40.0150

0.05 40.9502

0.10 41.4542

0.15 42.2710

0.20 43.1633

0.25 44.1533

0.289 44.9971

0.29 45.0197

Table 5.1: Table showing the angular shadow size with change in plasma parameter k for homogeneous plasma frequency
ω2
p = k = constant.

Also we would like to point out that in the overall analysis, we have used a general expression for the

velocity of the co-moving observer eq.(5.48). In order to perform numerical analysis in cosmological

scales, it is needful to consider the effective velocity (veff ) which is of the form [220]

veff = cz = H0D + vp =⇒ vp = cz −H0D (5.49)
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where veff designates the effective velocity. The effective velocity (veff ) is expressed in terms of the

redshift factor z, the Hubble’s constant H0, the observer’s distance from the black hole designated

as D and the peculiar velocity vp. Now the redshift factor z of the M87∗ black hole with respect to

earth is 0.00428 [221], the Hubble’s constant H0 is 67.4 km s−1MPc−1 [219] and D is 16.8 Mpc [9].

Using these values, we obtain the peculiar velocity vp to be 178.64 km s−1. However, the velocity

due to cosmic expansion is 1105.36 km s−1 which can be obtained using eq.(5.48). In general we

must have used veff for our calculations, but from the results reveal that the co-moving velocity is

large compared to the peculiar velocity and hence can neglected as we have done here. Thus, our

consideration of the earth as a co-moving frame neglecting the peculiar velocity is quite valid.

Table 5.1 tabulates the values of the angular size of the black hole shadow corresponding to different

values of the plasma parameter k. The plasma medium considered here is homogeneous in nature

with frequency ω2
p = k =constant. The values of the angular shadow size ranges between 39 and 45

µas. Comparing the numerical values of shadow size compatible with this range gives bound on the

plasma parameter k. We find that the homogeneous plasma parameter is bounded as 0 ≤ k < 0.296

for the shadow observed by the static observer and 0 ≤ k < 0.29 in case of the comoving observer.

The left table in 5.1 shows a list of values for k compatible with the angular shadow size as observed

by a static observer. On the other hand the right table shows the compatible range of values of

k with respect to a comoving observer. We find that the range of the values of the homogeneous

plasma parameter k are almost identical for both the observers.

k
m αstat(µas)

0.00 39.8643

0.05 39.7534

0.10 39.6422

0.15 39.5307

0.20 39.4189

0.25 39.3067

0.30 39.1943

0.35 39.0815

0.386 39.0001

k
m αcomov(µas)

0.00 40.0150

0.05 39.7921

0.10 39.6801

0.15 39.6801

0.20 39.5679

0.25 39.4553

0.30 39.3424

0.35 39.2292

0.40 39.1157

0.4508 39.0000

Table 5.2: Table showing the angular shadow size with change in plasma parameter k
m

for inhomogeneous plasma frequency
ω2
p = ω2

p(r) = k
r
.

Table 5.2 tabulates the values of the inhomogeneous plasma parameter k
m

compatible with the val-

ues of the angular shadow size which varies in the range 39-45 µas. The Table is constructed by

considering an inhomogeneous plasma distribution having frequency ω2
p(r) = k

r
. The left table in 5.2

is for the shadow observed by a static observer and that in the right is for a comoving observer. We

found that the plasma parameter k
m

is bound in the range 0 ≤ k
m
≤ 0.386 for the static case and in

the range 0 ≤ k
m
≤ 0.4508 for the comoving case. The ranges of the plasma parameter k

m
are quite

different in case of the two observers. The range is more extended in case of comoving observer than

that for the static observer.
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5.5.2 Case II: Sgr A∗ supermassive black hole

In this case, we want to constrain the plasma parameter using the observational results of Sgr A∗

supermassive black hole. The constraining of various other spacetime parameters using Sgr A∗ have

been done in [222]-[225]. We want to carry out our analysis by simply comparing the theoretical

and observed values of angular shadow size of the black hole. The observed value of the angular size

of the black hole shadow is (48.7 ± 7) µas [58]. For numerical analysis, we require the black hole’s

mass, which is 4+1.1
−0.6 × 106 M� [58]. The black hole is located at a distance (8277 ± 9 ± 33)pc [226]

from earth. We use the value of the black hole mass as 4 × 106 M� and distance from the black

hole to earth as 8277 pc for our calculations. The angular size of the black hole shadow varies in the

range (41.7 - 55.7) µas.

k αstat(µas)

0.000 49.6868

0.050 50.5446

0.100 51.4799

0.150 52.4996

0.200 53.6172

0.250 54.8490

0.281 55.6789

0.282 55.7066

k αcomov(µas)

0.000 49.6869

0.050 50.5447

0.100 51.4800

0.150 52.4997

0.200 53.6173

0.250 54.8491

0.281 55.6790

0.282 55.7067

Table 5.3: Table showing the angular shadow size with change in plasma parameter k for homogeneous plasma frequency
ω2
p = k = constant.

We are interested in carrying out the analysis both for homogeneous and inhomogeneous plasma

distribution similar to the earlier case. The refractive index in case of homogeneous plasma takes the

form n =
√

1− kf(r) with k being the plasma parameter and f(r) being the lapse function. Table 5.3

tabulates the angular size of the black hole shadow observed by both static and co-moving observers.

We present the values of the angular shadow which lie in the desired range (41.7 − 55.7)µas along

with the compatible values of the homogeneous plasma parameter k. We find that the homogeneous

plasma parameter is bounded in the range 0 ≤ k < 0.282 both for static and co-moving observers.

Also, we notice that the angular shadow size is the same for both static and co-moving observer.

This is due to the fact that the supermassive black hole Sgr A∗ and the observer on earth lie on the

same galactic frame.

k
m αstat(µas)

0.00 49.6868

0.50 48.2802

1.00 46.8166

1.50 45.2895

2.00 43.6907

2.50 42.0102

2.58 41.7330

k
m αcomov(µas)

0.00 49.6869

0.50 48.2802

1.00 46.8167

1.50 45.2896

2.00 43.6907

2.50 42.0103

2.58 41.7331

Table 5.4: Table showing the angular shadow size with change in plasma parameter k
m

for inhomogeneous plasma frequency
ω2
p = k

r
.
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Then we try to constraint the inhomogeneous plasma parameter k
m

using the angular size of black

hole shadow. The refractive index in case of inhomogeneous plasma is of the form n =
√

1− k
r
f(r).

Table 5.4 tabulates the values of the angular shadow size of the black hole and the compatible

values of the plasma parameter k
m

. We find that the plasma parameter k
m

is bounded in the range

0 ≤ k
m
≤ 2.58 for both static and co-moving observers. Similar to the case of homogeneous plasma,

here too we find that the shadow size has the same value for both observers.

5.6 Summary

We now summarize our results. In this work, we have calculated the angular size of the shadow

of a spherically symmetric black hole immersed in a plasma background as seen by both static and

comoving observer. We start by considering a spherically symmetric metric black hole metric in

(3+1) dimensions with arbitrary lapse function f(r). Then we considered the lapse function of

Schwarzchild de-Sitter/Kottler black hole having a positive cosmological constant Λ > 0 and carried

out the analysis. The cosmological constant Λ is considered to be responsible for the expansion

of the universe in our work. The significant part of our work is the study and analysis of the

effect of a background plasma medium on the black hole shadow. We have graphically represented

the angular shadow size for Schwarzschild and Schwarzschild de-Sitter black hole with variation in

plasma parameter k. The plots revealed that with increase in the inhomogeneous plasma parameter

k, the shadow size reduces. We have also shown the effect of plasma on the photon sphere radius

rp. Then in our later discussion we have shown the effect of Λ on the angular size of the black hole

shadow. We observe that at the position of the observer which is well outside the photon sphere,

the angular shadow size reduces with increase in Λ. The effect remains the same even in presence of

plasma.

The graphical analysis reveal many interesting features. We observe that the angular shadow size

varies in the range π to 0. The shadow size is π at the black hole horizon and goes down to zero at

infinity for asymptotically flat spacetime. In case of asymptotically de-Sitter background, the black

hole shadow size goes to zero at the cosmological horizon rC . The angular shadow observed by a

co-moving observer is related to that observed by a static observer via the aberration relation. The

interesting feature is that in case of co-moving observer, there is no cosmological horizon and the

observer can reach upto infinity. Further, in this case the shadow size does not go to zero and always

remains finite. Since the observer is moving with the expansion, hence he never feels any horizon as

such.

Then we graphically represent the angular shadow size incorporating the plasma effects. We observed

that plasma impacts the shadow size greatly. Practically an observer can exist outside the photon

sphere rp. From his perspective the shadow size changes with variation in plasma parameter. In

case of homogeneous plasma, we find that the shadow size increases with increase in plasma both for

static and co-moving observer. On the other hand, we observe that the shadow size decreases with

the increase in the value of the plasma parameter k for inhomogeneous plasma. We have shown the

plots only for inhomogeneous plasma.

Finally, we compared the angular shadow size with the observational results of M87∗ and Sgr A∗

supermassive black hole data. Comparing our calculated results with the observed angular shadow
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size, we obtained bounds on the plasma parameter. We find that for homogeneous plasma, k has

an upper bound of k < 0.296 for static observer and k < 0.29 for co-moving observer. In case of

inhomogeneous plasma, we find that k
m

has an upper bound of k
m
≤ 0.386 for static and k

m
≤ 0.4508

for co-moving observer. The above bounds are for M87∗ supermassive black hole. In case of Sgr A∗,

we find that the angular shadow size is the same both for static and co-moving observers. This is

due to the fact that the supermassive black hole Sgr A∗ and the observer residing on earth belong to

the same galactic frame. The bounds on the homogeneous and inhomogeneous plasma are given as

0 ≤ k < 0.282 and 0 ≤ k
m
≤ 2.58 respectively. The constraints are true both for static and co-moving

observers.
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Chapter 6

Conclusion

In this thesis our main focus was the study of black hole structure utilising the geodesic motion of

massive and massless particles. The study of massive particle is important to gain insight about the

fact that how matter behaves in the vicinity of the black holes. The importance of studying null

geodesics is that it helps developing the black hole shadow structure and its various features.

In our first work, we considered a charged black hole in higher curvature corrected gravity theory

designated as Gauss bonnet gravity in literature. The black holes are considered to be located in

asymptotically AdS and Minkowski background. The increment in the Gauss Bonnet parameter γ

results in the increase of shadow radius in AdS background whereas it decreases the shadow size in

Minkowski background. We carried out the study in d = 5 spacetime dimensions since the spacetime

dynamics remains uneffected by γ in d = 4 (realistic) spacetime dimensions. The importance of

studying the black hole shadow in AdS background is that it can be related to the associated

parameters of the CFT in d = 4 dimensions via the AdS/CFT duality. Again the importance of

studying the shadow structure in Minkowski spacetime in higher dimensions is to gain insight of the

possible effects of γ on the lower d = 4 dimensional black hole. Recently, it has been observed that

the impact of γ upon the shadow structure as found in case of 4-D Gauss Bonnet gravity is similar

to our analysis. Besides, we also find that plasma impacts the shadow structure considerably and

has similar effect in both AdS and Minkowski background. We found that the shadow size decreases

with increase in plasma parameter.

In our next two works we considered the second most dominant mass-energy component of the

universe, namely the dark matter surrounding a static charged black hole. The choice of the candidate

dark matter is that of perfect fluid type namely, perfect fluid dark matter or PFDM. We incorporate

the Newman-Janis algorithm to turn the static charged black hole to a charged rotating one. We

studied the event horizon of the black hole and found that it decreases intially and then after a certain

critical value of the PFDM parameter it starts to increase. Such an observation can be explained by

the fact that dark matter has a effective mass residing at the same point as that of the black hole.

Below the critical value of PFDM parameter, the dark matter mass opposes the effect of the black

hole mass and hence the event horizon decreases. On the other hand, after the critical value the total

mass of the system is given by the dark matter mass and hence with increase in PFDM parameter,

the system’s mass and thereby the event horizon gradually increases. We then studied the energy

and angular momentum of massive (both charged and uncharged) particles in the background and

graphicaly observe how the PFDM effects them. The particles can either move along the black hole
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spin (prograde or corotating motion) or opposite to the spin (retrograde or counter rotating motion).

We observe that the energy (E) of the particle in prograde orbits decreases whereas that of retrograde

orbits increases with increase in the radial distance (r) from the black hole and gets close to unity

as the particle approaches infinity. The increment in the values of PFDM parameter and spin (a)

increases the energy of the particle considerably for the prograde orbits. On the other hand in case of

retrograde orbits, the energy (E) increases with the increase in PFDM parameter but falls with the

increasing value of the black hole spin (a). This is because when the particle spins along the black

hole, the black hole helps its motion whereas in the reverse case it opposes. We find that angular

momentum of the black hole decreases with an increase in the value of the PFDM parameter below

the critical value and increases above the critical value for both types of orbits. On the other hand

for counter-rotating particles, the angular momentum (L) rises (-ve increase) for PFDM parameter

being less than the critical value while it decreases for PFDM greater than the critical value.

We analysed both the energy (E) and angular momentum (L) of the charged particle with the

variation in their charge (q). We found that increment in the value of charge (q) reduces the energy

falls in prograde orbits and increases the same in case of retrograde orbits. Besides we observe that

the angular momentum (L) increases with increasing q for PFDM below critical value and falls with

PFDM in case of PFDM above the critical value. Also, we observed that the effective potential of

the black hole encountered by photons and massive particles increases with the increasing spin (a)

and charge (Q) of the black hole as also with angular momentum (L) of the particle. The change is

quite sharp with the change in the angular momentum (L).

We also studied the Penrose process in PFDM background. The existence of negative energy particles

are important in order to extract energy from the black hole. We found that negative energy increases

with increase in negative angular momentum (counter-rotating particle) and also with increase in

the charge (Q) of the black hole. The effect of dark matter on the negative energy is less pronounced

even though negative energy slightly increases. More the negative energy of the particle absorbed

by the black hole, more is the gain, and we found that the energy gain via Penrose process increases

due to the presence of dark matter in the system. Also we found that more the black hole charge

(Q), less is the energy gain (extraction of energy) and hence less efficient is the Penrose process.

We also studied the null geodesics in the PFDM background by considering the system being im-

mersed in plasma. We calculated the corotating (rp1) and counter rotating (rp2) photon orbit radius

and found that the counter rotating lie away from the black hole whereas the corarting ones lie closer

to the black hole. We find that in absence of plasma the radius of photon orbits both for prograde

and retrograde orbits decreases with increase in PFDM parameter in the lower regime and increases

for PFDM parameter in the higher regime. Besides we also found that increase in the value of the

spin parameter (a) increases the radius of the photon orbits. We find that in case of homogeneous

plasma distribution the radius of co-rotating orbits decrease whereas that for the counter rotating

orbits increase with increase in plasma parameter. Also, we find that with increase in plasma pa-

rameter in case of inhomogeneous plasma distribution the increase in plasma parameter results in

decrease of photon radius for both co-rotating and counter rotating orbits.

We then use the null geodesics to calculate the black hole shadow. The plots show that the shadow

gets rotated and deformed with increase in black hole spin (a). The deformation of black hole shadow

occurs due to the rotational drag of the unstable photons by the black hole. We also observe that
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increment in charge (Q) reduces the radius (Rs) and thereby the size of the black hole shadow. The

reason for this is quite obvious. The black hole shadow is the image of the outer event horizon of

the black hole and the effect of Q on the event horizon gets reflected in the shadow radius Rs. The

nature of variation of the PFDM impacts the black hole shadow in the same way it effects the black

hole event horizon. The reason being the shadow is the indirect image of the event horizon of the

black hole.

Then we studied the effect of the plasma medium on the black hole shadow. We considered the general

case where the refractive index (n(r, θ)) and plasma frequency (ωp(r, θ)) both depends on r and θ.

We observed that with only radial variation fr(r) = ω2
c

√
M3r and fθ(θ) = 0, the shadow plots reduce

in size with increase in plasma parameter ωc. Similar nature is observed in case of θ variation with

fr(r) = 0 and fθ(θ) = ω2
cM

2
(

1 + 2 sin2 θ
)

with the shadow size decreasing with increase of plasma

parameter ωc. After that, we considered cases where refractive index of the form
(
n =

√
1− k

r

)
(inhomogeneous) and

(
n =
√

1− k
)

(homogeneous). Analysing the plots, we find that the extreme

right of α axis corresponds to the radius of counter rotating orbits (rp2) whereas that on the extreme

left corresponds to the co-rotating orbits (rp1). The variation of the radius of these orbits with

plasma gets reflected in the black hole shadow. In particular, we observe that rp1 decreases with

increase in the plasma parameter for fixed value of the PFDM parameter both for inhomogeneous

and homogeneous plasma. However, rp2 increases with decrease in the plasma parameter for a fixed

PFDM parameter for inhomogeneous plasma, and increases for homogeneous plasma. We also put

constraint on the plasma parameter k as well as
(
ωc
ω0

)2

with the PFDM parameter by comparing the

obtained values of θd with that observed from the M87∗ supermassive black hole data.

In the last part of the thesis we considered the effect of cosmic expansion on the black hole shadow.

Among the various candidates we considered that the expansion is driven by a positive cosmological

constant Λ. For simplicity we calculated the shadow of a Schwarzschild de-Sitter black hole rather

than a Kerr de Sitter black hole. We obtained the angular shadow size as seen by a static observer.

Since the universe is expanding, any observer moves away from the other. So the realistic observer

must be comoving with the expansion driven by Λ. The angular size from the point of comoving

observer is calculated in terms of that observed by a static observer and the recession velocity. We

also incorporated plsma in the background to make the scenario more realistic. Then we calculated

and compared the angular shadow size with the observational results of M87∗ and Sgr A∗ data.

Comparing our results with the observed angular shadow size, we found bounds on the plasma

parameter. We found that for homogeneous plasma, k has an upper bound of k < 0.296 for static

observer and k < 0.29 for co-moving observer. In case of inhomogeneous plasma, we find that k
m

has

an upper bound of k
m
≤ 0.386 for static and k

m
≤ 0.4508 for co-moving observer. These bounds are

for M87∗ black hole. In case of Sgr A∗, we found that the angular shadow size is the same both for

static and co-moving observers. This is due to the fact that the supermassive black hole Sgr A∗ and

the observer in this case (earth) belongs to the same galactic frame. The bounds on the homogeneous

and inhomogeneous plasma are given as 0 ≤ k < 0.282 and 0 ≤ k
m
≤ 2.58 respectively.
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Appendix A: Limiting cases of obtained black hole solution

The black hole solution we have obtained is associated with the following lapse function

f(r) = 1− 2GM

r
+
Q2

r2
+
α

r
ln
( r

|α|

)
. (1)

In the limit α → 0, we apply the L’Hopital rule to the term − ln(|α|)
r
α

in the above equation. This

leads to the Reissner-Nordström solution

f(r) = 1− 2GM

r
+
Q2

r2
. (2)

On the other hand, in the limit α→ 0 and Q→ 0, we have

f(r) = 1− 2GM

r
(3)

which corresponds to the Schwarzchild solution.

Appendix B

In this appendix, we show the derivation of eq.(3.51). We begin our calculation with the following

expressions

F (r) = x2
(
a2 −∆

)
+ r4E2 − 2aEr2x−∆r2 = 0 ; E =

1

r2ax

[(
a2 −∆ +

r∆
′

4

)
x2 +

(∆
′

4
r3 − ∆

2
r2
)]

. (4)

Hence we have E2 as

E2 =
1

r4a2x2

[(
a2 −∆ +

r∆
′

4

)2

x4 +
(∆

′

4
r3 − ∆

2
r2
)2

+ 2
(
a2 −∆ +

r∆
′

4

)(∆
′

4
r3 − ∆

2
r2
)
x2

]
. (5)

Rearranging the expressions of E and E2, we obtain

r2axE =
[(
a2 −∆ +

r∆
′

4

)
x2 +

(∆
′

4
r3 − ∆

2
r2
)]

(6)

r4a2x2E2 =

[(
a2 −∆ +

r∆
′

4

)2

x4 +
(∆

′

4
r3 − ∆

2
r2
)2

+ 2
(
a2 −∆ +

r∆
′

4

)(∆
′

4
r3 − ∆

2
r2
)
x2

]
. (7)

Also multiplying F (r) = 0 by a2x2 we obtain

a2x4
(
a2 −∆

)
+ a2x2r4E2 − 2aEr2xa2x2 −∆a2x2r2 = 0. (8)
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By substituting eq.(6) and eq.(7) in eq.(8), we obtain the following expression

a2x4
(
a2 −∆

)
+
(
a2 −∆ +

r∆
′

4

)2

x4 +
(∆

′

4
r3 − ∆

2
r2
)2

+ 2
(
a2 −∆ +

r∆
′

4

)(∆
′

4
r3 − ∆

2
r2
)
x2

−2a2x2

[(
a2 −∆ +

r∆
′

4

)
x2 +

(∆
′

4
r3 − ∆

2
r2
)]
−∆a2x2r2 = 0 . (9)

The above expression has terms with x4, x2 and x0. So rearranging terms in those powers leads to[
4
(

∆− a2 − r∆
′

4

)2

− 4a2
(
a2 −∆ +

r∆
′

2

)]
x4 +

[(
4a2 − 4∆ + r∆

′
)

×
(r3∆

′

2
− r2∆

)
− 2r3a2∆

′
]
x2 +

(
r2∆− r3∆

′

2

)2

= 0 . (10)

Appendix C: Determination of the velocity of the comoving observer with

respect to the static observer

In Step I, consider the asymptotically flat version of the original metric eq.(5.1) by dropping the

cosmological constant, that is, by setting Λ = 0. This gives

ds2
Λ=0 = −f0(r)dt2 +

1

f0(r)
dr2 + r2

(
dθ2 + sin2 θdφ2

)
(11)

where f0(r) = f(r)
∣∣∣
Λ=0

.

In Step II, the metric in isotropic coordinate can be written as

ds2
Λ=0 = −k(r̃)dt2 + g2(r̃)

(
dr̃2 + r̃2

(
dθ2 + sin2 θdφ2

))
. (12)

This eq.(12) can be compared with eq.(11) to get a relation between r and r̃ given as

dr =
r

r̃

√
f0(r)dr̃ . (13)

The above relation is then used to replace r in terms of r̃ in eq.(5.1).

In Step III, transform from twiddled to the co-moving coordinate (rc, tc) as r̃ = rc a(tc) [206] where,

rc is the radial coordinate in the co-moving frame and a is the scale factor of the universe which is

the function of time (tc) in the co-moving frame. This leads to a differential form of dr̃ in terms of

drc and dtc. Assuming dt of the form

dt = B(tc, rc)dtc + C(tc, rc)drc . (14)

the coefficients B and C will be determined by the next steps of the algorithm. Also due to the

spherical symmetry (even though we go from original → twiddled → co-moving frame), θ and φ

parts remain intact.
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In Step IV, rewriting the metric in terms of rc, tc, θ, φ coordinates we have

ds2 = −

[
B2

f(r)
− f0(r)r2

f(r)

( ȧ
a

)2
]
dt2c +

[
f0(r)r2

f(r)r2
c

− C2

f(r)

]
dr2

c + 2

[
f0(r)r2

f(r)r2
c

ȧ

a
− BC

f(r)

]
dtcdrc

+g2(r̃)r̃2
(
dθ2 + sin2 θdφ2

)
. (15)

Imposing the condition that the final form of the metric is isotropic and diagonal, we get

B = r
ȧ

a

f0(r)

f(r)

√
f(r)

[f0(r)

f(r)
− 1
]−1/2

; C =
r

rc

√
f(r)

[f0(r)

f(r)
− 1
]1/2

. (16)

Thus, we determine dt and dr in terms of dtc and drc. Using this relation, we can determine dtc and

drc in terms of dt and dr which in turn gives ∂tc and ∂rc . Finally using the normalisation condition

gµνU
µUν = −1 and also the relation between the four velocity of the co-moving observer with respect

to the static observer as

gµνU
µ
s U

ν
c = − 1√

1− v2
(17)

we can determine the velocity of the co-moving frame with respect to the static frame.

Using the above algorithm the velocity (v) of the comoving observer takes the form [208]

|~v| =

√
1− f(r)

f0(r)
. (18)

f(r) is the lapse function with cosmological constant (Λ), whereas f0(r) is devoid of that term.

Besides Λ appears in the lapse function as Λ
3
r2 =

H2
0

c2
r2. For c = 1, we get Λ

3
r2 = H2

0r
2. Thus, the

velocity of the co-moving observer becomes

|~v| = H0r√
f0(r)

. (19)
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